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THE APPLICAT ION OF OPTIMAL CONTROL THEORY
TO DYNAMIC ROUTING IN DATA COMMUNICATION NE’IWORKS

by
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ABSTRACT

The flow of messages in a message—switched data communication net-
work is modeled in a continUoUs dynamical state space. The state van-
ables represent message storage at the nodes and the control variables
represent message flow rates along the links. A deterministic linear
cost functional is defined which is the weighted total message delay
in the network when we stipulate that all the message backlogs are
emptied at the final time and the inputs are known. The desired mini-
mization ef the cost functional results in a linear optimal control
problem with linear state and control variable inequality constraints.

The remainder of the thesis is devoted to finding the feedback
solution to the optimal control problem when all the inputs are con-
stant in time. First , the necessary conditions of optimality aie
derived and shown to be sufficient. The pointwise minimization in time
is a linear program and the optimal control is seen to be of the bang-
bang variety . Utilizing the necessary conditions it is shown that the
feedback regions of interest are convex polyhedral cones in the state
space. A method is then described for constructing these regions from
a comprehensive set of optimal trajectories constructed backward in
time from the final time. Techniques in linear proqralnming are em-
ployed freely throughout the development , particularly the geometricdl
interpretation of linear programs and parametric linear proyrammini.

There are several properties of the method which cornplicatt t~
formulat ion as a compact a lgo r i t hm for general network } r T h 1~~m .  How-
eve r , in the case of problems involv ing  n~.v t w n r ~~ w i t h  s i n g l e  J t  stinS-
tions and all u n i t y  wei ght ings in th~ cost f u n c t i o n a l  i t  is sh~ ”i tL.~t
these properties do not app ly. A com }.utlr imp 1ementti~~e a l i i i t ~~rn i~ ;

then detai led for the cons t ruc t ion  f the  fee il ack ~ 1u t ~ on.
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Chapter 1

INTRODUCT ION

1.1 Introduction to Data Communication Networks

A data communication network is a facility which interconnects a

number of data devices (such as computers and terminals) by conununica-

tion channels for the purpose of transmission of data between them.

Each device can use the network to access some or all of the resources

available throughout the network. These resources consist primarily

of computational power (GPU tittt~ ) ,  men~~ry capacity, data bases and

specialized hardware and software. With the rapidly expanding role

being played by data processing in today ’s society (from calculating

interplanetary trajectories to issuing electric bills) it is clear

that the sharing of computer resources is a desirability. In fact, the

distinguished futurist Herman Kahn of the Hudson Institute has forecast

that the “marriage of the telephone and the computer” will  be one of

the nost socialiy significant technological achievements of the next

two hundred years.

Research in areas related to data communication networks began in

the early 1960’s and has blossomed into a sizable effort in the 1970’s.

The ARP ANET (Advanced Research Pro j ects Agency NE Twork) was implemented

in 1970 as an experimental network linking a variety of university,

— 9— 
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industrial and government research centers in the United States. Cur-

rently, the network connects about one hundred computers throughout

the continental United States, Hawaii and Europe. The network has

enjoyed considerable success and as a result several other major net-

works are presently being planned.

Following KI.einrock [1976], we now describe the basic components

of a data cou~ ‘nication network and their functions. Fundamentally ,

what is known as the communication subnetwork consists of a collection

of nodes ~.‘~ ich exchange data with each other through a set of links.

Each node essentially consists of a minicomputer which may have data

storage capability and which serves the function of directing data

which passes through the node. The links are data transmission chan-

nels of a given data rate capacity . The data devices which utilize

the communication subnetwork, known as users, insert data into and

receive data from the subnetwork through the nodes. See Figure 1.1.

A more detailed description of the network in the context of the

analysis of this thesis is presented in Chapter 2.

The data travelling along ~-h.e links of the network is organized

into messages, which are groups of bits which convey some information .

One categorization of networks differentiates those which have message

storage at the nodes from those which do not. Those with storage are

known as store-and-forward networks. Another classification is made

according to the manner in which the messages are sent through the

network. In a circuit-switching network , one or more connected chains



— --.-------—— — -.-— .-~~~~~ —--— - - -—.-- —~~—.- — - .  — . - - -  — - .--- .---

~

--- .- . - --. — , . —-—-

~

-

—11—

\ J
,,
,/
)~
(
\

\
\

~~~

\ \ \

U 
_ _ _ _ _

U



—1 2—

of links is set up from the node of or igin  to the destination node of

of the message , and certain proportions of data traffic between the

origin and destination are then transmitted along these chains .  The

other category includes both message switching and packet switching

networks. In message—switching, only one link at a time is used for

the transmission of a given n~ ssage. Starting at the source node the

message is stored in the node until its time comes to be transmitted

on an outgoing link to a neighboring node. Having arrived at that node

it is on..e again stored until being transmitted to the next node . The

message continues to traverse links and wait at nodes until it finally

reaches its destination. Packet-switching is fundamentally the same

as message switching, except that a message is decomposed into smaller

pieces of maximum length called packets. These packets are properly

identified and work their way through the network in the fashion of

n~ ssage switching . Once all packets belonging to a given message arrive

at the destination node, the message is reassembled and delivered to

the user. In this thesis we shall be concerned with store-and-forward

networks which employ message(packet) —switching .

1.2 Discussion of the Message Routing Problem

There is a myriad of challeng ing problems which must be confronted

in the design and operation of data communication networks. Just to

name a few, there are the problems of topological design (cost effect x.ve

allocation of links and their rate capacities) , detection cf  equipment 

- - - - .-- -~~~~-- .-~~~~~~~~~ -~
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failures and reconfiguration, and the routing of messages through the

network from their nodes of origin to their nodes of destination . The

latter problem is one of the fundamental issues involved in the opera-

tion of networks and as such has received considerable attention in the

data-communication network literature. It is clear that the efficiency

with which messages are sent to their destinations determines to a great

extent the desirability of networking data devices. The subjective term

“efficient’ may be interpreted mathematically in many ways, depend ing on

the specific goals of the network for which the routing procedure is

being designed. For example, oti~ may wish to minimize total message

delay, maximize message throughput, cost. etc. In general , this issue

is referred to as the routing problem. We shall be concerned with the

minimum delay message routing problem in this thesis.

Routing procedures can be classified according to how dynami c

they are. At one end of the scale we have purely static strategies in

which fractions of the message traffic at a given node with a given

destination are directed on each of the outgoing links , where the frac-

tions do not change with time. On the other end of the scale we have

completely dynamic strategies, which allow for continual changing of

the routes as a function of time , and also as a function of message

congestion and traffic requirements in the network. Static procedures

are easier to implement than dynamic  ones , but lack the important

ability to cope with changing congestion and traffic requirements in

the network possessed by dynamic strategies.
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Although a large variety of routing procedures have been developed

and implemented in existing networks (such as AF~ ANET) the lack of a

basic model and theory able to accommodate various important aspects of

the routing problem has made it necessary to base the procedures almost

solely on intuition and heuristics. Of concern here is the fact that

previous techniques have been addressed primarily to static routing

strategies , .~~ich lack the previously discussed advantages of dynamic

strategies. The best known approach to static message routing in

store—and-forward data communications networks is due to KLeinrock

[1964]. This approach is based upon queueing theory and we describe

the principal elements here briefly for comparison with the dynamic

method which we shall discuss subsequently:

(a) The messages arrive from users to the network according to

independent constant rate Poisson processes and their lengths are

assumed to be independent exponentially distributed and independent of

their arrival times.

(b) At subsequent nodes along the paths of the messages , the

lengths of the messages and their interarrival times become dependent ,

a fact which makes the analysis extremely difficult. To cope with this

problem , the famous independence assumption is introduced , requiring the

messages to “lose their identities” at each node and to be assiqnt~d

new independent lengths .

(c) Once a message arrives at a node , it is first assiqncd to on~

of the outgoing links and waits in queue at that link until it is

_
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transmitted.

(d) Based on queueing analysis, the average delay in steady state

experienced by messages in each l ink is calculated explicitly in terms

of the various arrival rates, average message length and the capacity

of the link.

(e) A routing procedure is then found to minimize the average

delay ove~. the entire network. See Cantor and Gerla [1974].

The routing procedure thus obtained is static, namely constant in

time and a function only of the various average parameters of the sys-

tem. In the parlance of control theory, which is the language which we

shall be using for much of th is thes is, such a strategy is referred to

as

Since Kleinrock’s model was proposed in 1962, researchers in the

area have repeatedly expressed the desire to find approaches to other

aspects of the routing problem. In particular , the goal is to find

an approach

(i) in which the independence assumption is not required,

(ii) that will be able to handle transients and dynamical situa-

tions and not only steady state, and

(iii) that can lead to optimal closed—loop control strategies ,

namely strategies that change according to the congestion

in the network.

Requirement Ii) is desirable since the independence assumption may

be quite inappropriate in varicus situations. Furthermore , it is not 

— - . --



easy to assess the va l idi ty of th is  assumption for a given network.

The desirability of requirement (ii) has been discussed previously.

Fina l ly,  perhaps the most important  requi remenL is ( i i i ) ,  for  it is a

fundamental fac t  of optimal control theory that closed—loop strategies

are much less sensitive than open—loop ones to per turbat ions  in the

parameters of the system . Hence, occurrences such as link and node

f a i lure s  or u -  -
~xpected bursts of user input to the network are accom-

modated much better by closed—loop strategies.

It ~~ pointed out in Segall [1976] tha t the t radi t ional  queueing

theory approach can in pr inc ip le  be adapted to closed loop strategies ,

but that the number of states required would be immense. This approach

looks at each message or packet as an entity , and therefore the state

of the network is described by the number and des t ina t ion  of messages

(packets)  in each of the b u f f e r s .  Therefore , in a network wi th  N nodes ,

i~ outgoing l inks  per node in the average and b u f f e r s  of maximum capacity

of M messages (packets), the number of states is approximately (~ NM)
N l

,

which is an extremely large number even for the smallest of networks.

Segall [1976] has introduced a model for message routing which

is capable of achieving requirements (i)— (iii) above . His approach is

to model the f low of messages in a message ( pa c k e t)— s w i t ch e d  store-and-

forward data communication network in a continuous dynamical state

space se t t ing . The cont inuous  n a t u r e  of the s t a t e  is j u s t i f i e d  by

rt co~Jri~ zing that any individual message contributes very little to the

overall behavior of the network , so that it is not necessary to look
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individually at each of the messages and their lengths. In this vein,

it makes more sense to regard the network in the more macroscopic

fashion of Segall ’s model.

Having established the model, Segall expresses the minimum delay

dynamic routing problem as a linear optimal control problem with linear

state and control variable inequality constraints for which a feedback

solution i - sought. Should such a solution to this problem be obtained ,

the resulting strategy would be dynamic and cl~ sed—1oop. The model and

associated optimal control problem are discussed briefly in the next

section and are presented in detail in Chapter 2.

1.3 Thesis Overview

1.3.1 Objective of Thesis

The goal of this research is to obtain feedback solutions to the F

linear optimal control problem with linear state and control variable

inequality constraints suggested by Segall for the message routing

problem. Undoubtedly , the principal difficulty presented by this prob-

lem is the presence of state variable inequality constraints. This

contention is supported by the observation that very few feedback solu-

tions have been found for optimal control problems with this type of

constraint. We clearly shall have to exploit the special properties

of our problem (such as linearity and the structure of the dynamics and

constraints) to develop new theory and techniques capable of producing

feedback solutions.
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1.3.2 Approach

We begin our discussion of approach by briefly describing Segall’s

state space model. In the model the state variables represent the quan-

tity of messages stored at the nodes, distinguished according to node

of current residence and node of ultimate destination. In reality , the

measure of message storage at the nodes is a discrete variable (such as

number of me~ - 1ges, packets, bits, etc.). However , in the spirit of

viewing the network from a macroscopic point of view, we assume that

the units .~f data traffic are such that after appropriate normalization

the states may be approximated closely by continuous variables . The

control variables represent the flow rate of t r a f f i c  in the l inks , where

each control represents that portion of a given link’ s rate capacity

devoted to t r ansmi t t ing  messages of a given des t ina t ion .  F i n a l l y ,  the

inputs are the flow rates of messages enter ing  the network from the

users. In this thesis, we consider the inputs to be deterministic

functions of time . The dynamical equation which  represents the f low of

messages in the network is

x(t) = B u(t) + a(t) (1.1)

where x(t), u(t) and a(t) are the vectors of state variables , control

variables and inputs respectively. In the static flow literature the

matrix B io known as the “ incidence matrix” , and it is composed solely

of + 1’ s, —l’ s and h ’s which capture the node—link configuration of th~

network. We also have several essential constraints. The state varia-

I 
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ble inequality constraints are x(t) > 0 for all t, since the message

storage must always be non—negative. The control variable inequality

constraints are u(t) C U for all t, where U = Ui:u > 0 and D u < c}.

Here B is a matrix of 0’s and +1’s and C is a vector of link rate

capacities. These constraints represent flow non—negativity and link

rate capacity constraints respectively.

We ~. ow associate with the dynamical state space model the linear

cost functional

ft
1~~~~~T

= 
I 

ct x(t)dt (1.2)
J to

where x(t
0
) ~~ is given , tf is given implicitly by x(tf

) = 0 and ~ii

is a column vector of constant weight ing factors .  The imp lications of

the stipulation that x ( t
f ) = 0 are discussed in Section 2. 4 . We note

for now that ~~~~ is all l’ s, then j is exactly the total delay ex-

perienced by all, of the messages traveling through the network on

(t
0
, tf]• By adjusting the values of the elements of c~, .3 may be made

to represent a desired form of weighted total delay . The optimal

control problem which represents the dynamic feedback message routing

problem is:

Find the control u (t) as a function of time and state ,

u(t) u (t, x) , that will bring the state from X(tc;) =

(given) to x (tf) 0 while minimizing J subject to t h e  dyr anc-

ics and state and control variable inequality constraints.

_ _ _ _ _ _ _ _ _ _  

~~~ - . .- ,--—
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Our approach to solving the above problem shall now be described

briefly. We begin by deriving the necessary conditions of optimality

associated with the optimal con trol problem and prove that they are

also sufficient. Realizing that there is extremely little hope of ob-

taining at this time a feedback solution for the general deterministic

input problem , we restrict the inputs to be constant in time. The

necessary co:’ditions indicate that with this assumption the optimal

feedback control is regior.wise constant over the state space. We then

develop a procedure wh ich utilizes the necessary conditions to construc t

all of ti-ese regions and identify their associated optimal controls.

hlthough the procedure is not readily implernentable on the computer for

problems involving general multi—destination networks , we are able to

utilize special structural properties of the problem to devise a corn—

puter algorithm for problems involving single destination networks with

all un ity weightings in the cost functional.

1.3.3 Preview of Results

In this section we elaborate on the discussion of approach of the

previous section and simultaneously describe the h ighl ights of the

results which are obtained .

According to the necessary conditions which are derived for the

problem, any optimal control must satisfy

u*(t) = ARG MIN (AT (t)B u(t)) (1.3)
u ( t )  cLL

pointwise  in t ime . Here , ) ( t )  is the vector of costate var iables  cor—

_ _ _ _ _ _ _ _  

-~~~~~~ -- . --- — .
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responding to the state x(t) and is given by a linear differential

equation with free terminal conditions. Of particular interest is the

fact that a costate may exhibit discontinuities at times when its

associated state is traveling on a bo undary arc x = 0. We are also

able to prove the significant result that the necessary conditions of

optimality are also s u f f i c i e nt.

For given values of the costate vector, the pointwise minimization

is a linear program . Owing to fundamental properties of linear pro-

gramming we are able to deduce the following: ( i )  the optimal control

always lies at boundary points of U , and therefore  is of the bang-bang

variety; (ii) non-uniqueness of the optimal control is a possibility;

(iii) the minimization need not be performed at every time, but may be

solved parametrically in time to find the optimal bang-bang controls and

switch times.

Note that all of the above results appl y for general deterministic

inputs . Henceforth we restrict ourselves to the special case in which

the inputs are constant in time . In this case , the bang-bang nature of

the optimal control implies that the slope of the optimal state trajec-

t~ry is piecewise constant in time . We are now able to state and prove

sufficiency conditions under which any initial state x (t0) = is

controllable to x(t~) = 0 for a given network with given set of constan t

inputs.

Using the necessary condit ions, we are able to show that th .-

optimal control is reg ionwise constant  and tha t the r eg ions are convex

pol yhedral  cones in the s tate space . A procedure is then developed
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which emp loys the spi r i t  of dynamic programming to construct these cones

and their associated optimal. controls by a sequence of backward optimal

trajectories propagating from the final time t
f~ 

When a su f f i c i en t l y

large variety of these trajectories is utilized to construct regions ,

the union of these regions fills up the state space with optimal con-

trols, thus constituting the feedback solution.

In order to solve for the backward optimal t ra jec tory ,  we must

propagate the costates backward in time according to their d i f f e r e n t i a l

equation and solve the minimization problem (1. 3) for all solutions.

However , there is a question regarding the appropriate values of the

costates which realize a particular backward optimal trajectory through

(1.1) and (1.3). The resolution to this problem is geometrical in

nature in that it considers the Hamiltonian function associated with

the necessary conditions to be a hyperplane which is continuously rota-

t ing about the constrained region of message flow while remaining

tangent to it.  As the costates are the coeff icients of the hyperplane ,

their appropriate values are determined by orienting the hyperplane in

a prescribed fashion with respect to the constraint region. This argu-

ment freely employs geometrical concepts in linear programming .

We are unable to devise a computer algorithm to implement the

above procedure for general multi-destination network problems due to

sever~~. complicating properties. However , we are able to show that for

problems invol”ing single destination networks with all unity weightings

in the cost functional these complicating properties do not apply. A

I
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computational implementation of the procedure is then readily formu-

lated and a computer example is performed. It turns out that one of

the computational tasks of the algorithm is extremely inefficient.

This task is involved with the problem of finding all of the non-unique

extreina l solutions to a linear program. As a consequence, the computa-

tional feasibility of the algorithm is contingent upon the development

of a more -~fficient technique for solving this problem.

In evaluating the ultimate desirability of the feedback

approach , we must take into account the fact that considerable computer

storage may be required to implement the feedback solution on line.

This results from the necessity of storing all of the linear inequali—

ties which specify the convex polyhedral cones in the state space,

and there may be many such cones. A tradeoff is therefore in order

between the storage involved to implement closed-loop solutions and

the computation involved in the implementation of open loop solutions.

1.4 Synopsis of Thesis

The purpose of this section is to provide a brief summary of

the remaining chapters .

Chapter 2

The state space model and optimal control problem of Segall are

described in detail.  A br ief  discussion is devoted to two possible

open-loop solutions: The first employs linear programming through dis-

cretization in time and the second is an adjoined penalty function
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4 technique. Note that although they are open-loop, these techniques

are dynamic.

Chapter 3

In this chapter we present the procedure for the synthesis of a

feedback solution to the optimal control problem with constant inputs.

We begin by deriving the necessary conditions of optimality and prove

that they are sufficient. Based upon these conditions we characterize

the feedback regions of interest as convex polyhedral cones. After

prov id inH few motivating examples , we present the algorithm for the

backward construction of the feedback control. Finally , we isolate

and describe in detai l  those properties of the algorithm which compli-

cate its computational implementation.

Chapter 4

The geometrical linear programming interpretation is utilized to

construct proofs that the complicating properties of the algorithm of

Chapter 3 do not apply for problems involving single destination net-

works with all unity weightings in the cost functional. This fortuitous

situation enables us to construct an al gorithm which is implementable

on the computer. An example is run for a five node network. We then

present thoughts on how the techniques of th is  chapter may be applied

to general multi-destination network problems with non-unity weightings

in the cost functional.

_ 
- -— ~~~~~ -.,-.~~~~~~~~ --- . - - - -~~~~~~ _ _ _ _
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Chapter 5

In this chapter we comment on various aspects of the approach

in general and of the feedback control algorithm in particular. Some

insight is provided into related topics not specifically discussed in

preceding chapters. We then summarize our results, present the spe-

cific contributions and make suggestions for further work in this

area.

$



Chapter 2

NEW DATA COMMUNICATION NE1~WORK ?4DDEL AND OPTIMAL

CONTR~)L PROBLEM FOR DYN AMI C ROUTING

2.1 Introduction

In this chapter , the flow and storage of messages in a message-

(packet) —switched store-and-forward data communication network are ex-

pressed in a dynamical state space setting. This model for routing was

introduced by begall [1976] .  Th e principal elements of the model - state

variables , control variables , and inputs - are defined to represent

mathematic~~~iy the fundamentals of network operation : storage , t r a f f i c

flow and message input respectively. Emerging from this characteriza-

tion is an ordinary linear vector differential equation which dynami-

cally describes the storage state of the network at every time. State

variable positivity constraints and control variable capacity con-

straints , both linear , are imposed as an essential part of the model.

Presently , we assume that the inputs are deterministic functions of

time, representing a scheduled rate of demand .

Aris ing natural ly out of the model as defined is a linear inte-

gral cost functional which is equal to the total delay experienced by

all of the messages travelling in the network. Owing to the generality

of our expression , we are also able to formulate a l inear cost function-

al which corresponds to a measure of weighted message delay in the net- 
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work. Combining the minimization of the cost functional with the dy-

namics and associated constraints, we obtain a linear optimal control

problem with linear state and control variable inequality constraints for

which we seek a feedback solution . We then discuss in some detail how

the assumptions inherent in the optimal control problem formulation re-

late to the real world situation of data communication network message

routing opt ~ation .

The advantages of this approach were discussed in Section 1.2.

The principal disadvantage is os - - ~iated with tt ’~ cl iff  iculty of solving

state variable inequality constrained optimal control problems . This

is particularly true when a feedback solution is sought. The problem

is placed in perspective by providing a summary of the previous work

which has been performed in this  area and point ing out the need for the

development of additional theory for our particular formulation . This

discussion sets the stage for the contributions to this problem area

which are achieved in subsequent chapters .

Although the principal goal of the thesis is to obtain closed-

loop solutions to the optimal control problem , there are several at-

proaches to obtaining open-loop solutions which are conceptually

straightforward and are therefore of some interest. Two such approaches

are reported on b r i e f l y  at the end of t h i s  chapter:  l i nea r  programming

through discretization and a penalty function method.
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2.2  Basic Elements of the State Space Model

2 .2 . 1 To~~ log ical Representation

We visualize data networks graphically to consist of a collection

of node s connected by a set of links between various pairs of the nodes .

In Section 1.1 we presented a discussion of the general function of

nodes and links in the network. In our model , we shall assume that the

links are simnlex , that is, carry messages in one direction only f rom

the node at the input end to the node at the output end.

In a network consisting of N nodes we associate with each node

an integer in the set {l , 2 , ..., N} and denote this collection of nodes

by N. The link connecting node i to node k is denoted by (i ,k ) ,  and

the collection of all links in the network is

Notation 2.1 L ~ {(i ,k ) ,  such that i ,k C N and there is a direct

link connecting i to k}.

We now denote

Notation 2 .2 C ik  capacity of link (i,k) in units of traffic/unit

time , (i ,k) C L

and for every i c N denote

Notation 2 . 3  E ( i )  collection of node s k such that (i , k)  C L ,

1(i)  collection of nodes Q. such that (9~, i) c L.

In Figure 2.1 we depict a graphical representation of such a data corn—

munication network .
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Figure 2 .1 Data Communi ca t ior & Network Topolog y

2 . 2 . 2  Message Flow and Storage Rejresentation

In accordance wi th  the operational philosophy of the network ,

the users at each node in the network may input messages whose ul t imate

destinations are any of the other nodes in the network. We characterize

this message traffic flow input to the network by:

Notation 2.4 a~ (t) ~ rate of traffic with destination j arriving

_____________
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at node i (from associated users) at time t.

The message t ra f f ic  from each user is f irst  fed into the associated node

and either immediately transmitted on an outgoing link or stored for

eventual transmission. Also , each node may serve as an intermediate

storage area for messages entering on incoming links enroute to their

destinations. Once a message reaches its destination node , it is im-

mediately forwarded to the appropriate user without further storage .

Hence , at each node i C N of the network at any point in time we

may have messages in residence whose destinations are all nodes other

than i. Let us now imagine that at each node i C N we have N-l “boxes ;

and that in each of these boxes we place all the t r a f f i c  (messages ,

packets , bits , etc.)  whose destination is a particular node , regardless

of its origin. We do this for all possible destinations 1, 2 , ... (i—l) ,

(i+l) , . . . N. We now define the state variables of our model as

Notation 2 .5  x~~(t) ~ amount of t r a f f i c  at node i at time t whose

final destination is node j ,  where

i , j  c N , i 
~ 
j.

The amount of t r a f f i c  residing in each box at any time t is mea-

sured in some arbitrary unit (messages, packets , bits, etc.). Strictly

speaking, the states are therefore discrete variables with quantization

level determined by the particular unit of traffic selected . However,

we shall assume that the units are such that a f te r  appropriate normali-

zation the states x~ can be approximated by continuous variables. The

rationale underlying this approximation is presented in Section 1.2.

_ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -
~~~~~~~~~~~~
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We simply repeat here that this macroscopic point of view regarding

messages is justifiable in relation to the overall goals of desirable

network operation. Note that in a network consisting of N nodes, the

maximum number of state variables as defined above is N(N-l), which most

certainly is reasonable when compared to the huge number of states

associated with finite—state models (see Section 1.2).

Thert is a fundamental difference between the states x1 described
1

here and the message queues of the traditional approach. In our model ,

when a message with destination j arrives at node i from either outside

the network (i.e., from users) or from some adjacent node, it is classi-

fied as belonging in the “box ” x~ , and as such is associated with the

node i. When its time comes to be sent, the routing strategy to be

developed in subsequent chapters assigns the message to be sent along

some outgoing link (i,k),k C E(i). In previous models (e.g., Cantor and

and Gerla [1974]) messages arriving at node i are immediately assigned

to some outgoing l ink (i,k),k C E (i), by the routing strategy , there to

await transmission. Hence , at least in an intuitive senne , the decision

as to what direction to send a message is made in our model at a later

time , thus enabling the strategy in force to make a more up—to-date

decision . The ultimate performance of our strategy should benefit from

this characteristic.

The final element of our message flow representation is the de-

scription of the allocation of link flow capacity. Each link emanating

from a particular node i is shared by some or all of the up to (N-i)

-— ——-— - -S .- —- -- .
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types of messages stored at time t at node i. This now gives rise to

the definition of the control var iables of our state space model :

Notation 2.6: u
~k

(t) ~ portion of the rate capacity of the link (i,k)

used at tine t for traffic with final destina-

tion j.

So def ined , the controls are the decision elements of the model available

to be adjusted at the command of the routing strategy. The designation

of the etates corresponding to a particular node and controls correspond-

ing to a particular link are illustrated in Figure 2.2.

k

,
~ I

.
.

Node i
~~~~~~~~~~

Figure 2.2 Illustration of State and Control Variables

_ _ _ _ _ _  _ _ _ _ _  ~~~~~~~~~~~ - - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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2.3 Dynamic Equations and Constraints

We are now ready to state the dynamic rela t ionship betwee n the

elements of our state space model. Assuming the inputs are deterinin-

istic functions of time, the time rate of change of the number of mes-

sages contained in each box is given by

x~~(t) a~ (t) - 
~~~~~ 

u .~~(t )  + ~~ u~~~(t) (2 .1)
kcE(i ) 1

z~j

i ,j  N , j ~ i.

That is , the box corresponding to the state x~ is increased by the rate

of messages arriving from users (a~ (t)) and messages arriving on in-

coming links (u~ . (t), i C 1(i), ~ j) and depleted by the rate of

messages departing on outgoing links (U
~~k~ 

k c E(i)). A pictorial

depiction of the message flow situation corresponding to equation (2.1)

is given in Figure 2.3.

The ordina ry d i f ferential equation formulation of equation (2 .1 )

is valid for deterministic inputs. When the inputs are stochastic , we

must express the relationship in the incremental fashion of stochastic

d i f f e rential  equations and properly define the nature of the input pro-

cess. However, the important point here is that the state space de-

scription of message flow and storage presented in Section 2.2 is suffi-

ciently general to accommodate a wide variety of input processes.

An essential feature of the model is the set of constraints we

must impose on the state and control variables. In order for the

- -~~~~~— -~~~~~~ - - - l —~~
-
~~~ TiTT~~~ 
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Figure 2.3 Elements of Message Flow
Dynamical Equation
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mathematical statement of our problem to make physical sense , we must

insist on non-negativity of the message storage stat e variables and of

the flow control variables:

x~~(t )  > 0 ‘~~ t (2.2)

and

u.k (t) > 0  ~#t. (2.3)

The rate capacity constraints on each transmission link is expressed by

N 
u .k (t ) < C ik ~ t

jC Y~ i ,k) C L , j  ~ i . (2.4)

Constraints ( 2 . 2 ) — ( 2 . 4 )  are the only ones which shall be dealt with

explicitly in this thesis. The assumption is therefore made that the

storage areas containing the messages corresponding to the state vari-

ables are infinite in capacity . In practice , of course , these areas

will  be limited in size , so that we may wish to insist on upper bounding

state variable constraints. Possible forms of these constraints are

x~ < S~ or x~ < S . depending on the actual assignment of message
I J~~1 1 1

storage in a node .

2.4 Performance Index and Optimal Control Problem Statement

As indicated in Section 1.2, one of the major problems associated

with routing strategies predicated upon queueing models is the require-

ment of the independence assumption in order to derive the closed-form

expression for the total message delay in the network.  This assumption

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - - _ _.
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may be at great variance with the physical realities of the situation.

On the other hand , optimal control oriented formulations such as ours

require onl y a funct ional  expression for the quantity of interest in

terms of the state and control variables of the model . By design , the

method in which we have defined the state variables gives rise to possi-

ble performance indices which are most appropriate in this application .

For example , 
- serve that if x(t) is the amount of message traffic

residing in some box at time t, then the quantity

ftf
j x (t )d t  (2 . 5 )

gives the total time spent in this box by the t r a f f i c  passing through

it during the time period of interest [t 0~~t f
]~ when t

f 
is such that

x(tf) = 0. Consequently , expression (2 . 5) is exactly the total delay

in the box experienced by the class of messages represented by x(t).

Hence , the total delay experienced by all the messages as they travel

- through the network during [t 0 , t f ] is given by

ft f

D = J [
~ 

x J
(t ) ]  dt ( 2 . 6 )

to 1~~ J

- i , j  C N , j ~‘ i

where t f is defined as the time at which all the message storage state

variables x~ go to zero. Prior i t ies  can be accommodated in the cost

functional  (2 . 6 )  by associating non-equal weightings to the appro- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~
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priate state variables, so that we have

= ‘~:~ ~~~ 

~~~x~~(t )] dt (2.7)

i,j C N , j ,~ i

with t
f 

defined as above. A logical fashion in which to assign priori-

ties is by destination, in which case = cz~ ‘# k,9. 
~ 

j. Cost func-

tional (2 .7)  is then a measure of total delay weighted by destination.

We now have all the elements needed to state our optimal control prob-

lem. In words, the data communication network dynamic message routing

problem is:

At every time t, given the knowledge of the traffic

congestion in the network (x~~( t ) ,  i ,j  C N , j ~ i), dynami-

cally decide what portion of each link capacity to use for

each type of t r a f f i c  ( i . e . ,  assign u
~ k

( t ) ,  (i , k) C L, j  C N ) ,

so as to minimize the specified cost funct ional  ( i . e . ,  total

delay if c~ = 1 ‘# i,j, i ~ j )  while bringing the traffic

from a specified ini t ial  level to zero at the f inal  time .

To facilitate the expression of this problem in compact mathemati-

cal form , we def ine the f ive column vectors - a, x , U , C and - whi~ ii

are respectively concatenations of the inputs , s tate variables , control

variables, l i n k  capacities and cost funct ional  we igh t ings .  Denote 
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n = dimension (a) = dimension (x)  = dimension (ci) , m = dimension (U) and— — — —

r = dimension (C) = card (L). For a given network topology we define

the n X in matrix B as follows : associated with every state variable x~

is a row b
T 
of B such that

b
T 

-
~~~~~ 

UJ
k 

+ ~~ u~ . (2.8)
k E E ( i )  9~CI ( i)

~ I

i ,j  t H , j ~ i.

The matrix B is analogous to the incidence matrix which describes

flow in a -t a t i c  network . However , a fundamental distinction from the

static flow situation is that we do not require conservation of flow at

nodes as we have the capability of message storage in nodes. Note that

B is composed entirely of +1’s, -l’s and 0’s and that every column of

B has at most two non—zero elements . If a particular column has exactly

one non-zero entry then it is -1.

Similarly, we define the r x m matrix D: associated with every

l ink (i ,k)  is a row dT of D such that

dT < C  ( 2 . 9 )

represents the constraint (2.4) . The elements of D are 0’s and + 1’ s

on ly ,  and each column has precisely one +1.

We may now compactly express the linear optimal control  problem

w i t h  l inear state and control var iab le  inequal i ty  const ra in ts  which

represents the data communicat ion network dynami c message ro u t i n g

- -- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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problem previously stated:

Find the set of controls u as a function of time and

state

u (t )  E u (t , x) t C [t
0
, t

f
] (2.10)

that will bring the state from a given initial condition

= to x (t
f

) = 0 and minimizes the cost functional

ft f
J = J [a

2
x (t)J dt (2.11)

t
0

subject to the state dynamics

x (t )  B u ( t )  + a(t) (2.12)

and constraints on the state and control variables

x (t )  > 0 ‘# t C [t
0, t1

] (2.13)

• ~ D u < C
(2 .14)

(u> 0.

Note that a ( t)  must be such that the state is controllable to zero

with the available controls. Conditions under which this is true are

given for a special case in Section 3 .2 . 2 .

2.5 Discussion of the Optimal Control Problem

Before engaging in the details of the solution to (2.10)-(2.14),

some discussion regarding the validity of the problem statement is

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
- - - - -~~~~~ 
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appropriate. To begin , we have stipulated inputs which are known expli-

citly as a function of time , whereas computers certainly operate in a

stochastic user demand environment. Secondly , the requirement that all

the storage states go to zero -at some final time is not consistent with

a network continually receiving input and storing messages in a steady

fashion. Also, as pointed out in Section 2.3, we have ignored upper

bounds on mes- ~ge storage capacity . Finally, by specifying a feedback

function of the type (2.10)  we are assuming that total information re-

garding storage is available throughout the entire network for controller

decisions. In practice , one may wish to consider schemes which allow

for the control decision to be made on the basis of local information

only, so called distributed control schemes .

With the above drawbacks in mind, we now provide justification for

our approach. We begin by pointing out that none of the assumptions

made thus far  are inherent in a basic state space model. These have

simply been invoked to provide a problem formulation for which there

exists some hope of obtaining a reasonable solution at this early stage

• of experience with the model. Also , they may not be as l imiting as

they f i r s t  appear . For instance , one possible approximation for the

situation with stochastic inputs is to take into account only the en-

semble average rates of the inputs .  We then design the routing strategy

by solving (2.lO)—(2.l4) with these averages serving as the determinis-

t i c  inputs  a ( t ) , and employ the controls  thus obtained in the o p c r a t i - :

of U t  network. Such a strategy may prove to be reasonably successful 

— - -- •
~~~~~

---- — --
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if the variances and higher moments of the distributions of the inputs

are small compared to the means .

Next , the requirement that all states go to zero at the f inal  time

may correspond to a situation in which one wishes to dispose of message

backlogs at the nodes for the purpc se of temporarily relieving conges-

tion in the network locally in time . This procedure may represent that

portion of ‘n overall scheme during which inputs are appropriately regu-

lated or no longer forthcoming. In the latter case we may refer to the

resulting operation as a “minimum de lay close down procedure” .

Elimination of the state variable upper bounds is not always

limiting, as we shall discover for a class of single dest inat ion network

problems studied in Chapter 4. In this case, the optimal routing strat-

egy never requires any state to exceed its in i t i a l ly  specif ied value ,

which certainly must be within the available storage capacity.

Finally,  the assumption of a centralized controller may well  be

valid in the case of a small network. An example of this is the IBN/440

network. See Rustin (19721 . At any rate , obtaining the routing strat-

egy under this assumption could prove extremely usefu l  in the determina-

tion of the suboptimality of certain decentralized schemes.

2.6  Previous Work on Optimal Control Problems wi th  State Variab l~

Inecluality Constraints

Pioneering research into the problem of the optimal contr i ~-~1

dynamical systems involving inequality constraints on the— con trol vari-

ables was performed by Va len t ine  [1937] and McSh ane ( 1~~3 5 J .  P rob lems

— 4
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also involving inequality constraints on functions of the state varia-

bles alone were not treated until the early 1960 ’ s , probably motivated

by the emerging aerospace problems of tha t time. Pontryagin (1959 ]

provided the setting for the new approaches with the introduction of

his famous maximum principle, a landmar k work in the field of optimal

control. Gamkrelidze (1960] studied the situation in which the f i rs t

time derivativ of the state constraint function is an explicit function

of the control variable , or so called “f i r s t  order state variable in-

equality crxistraints.” Note from equations (2.12) and (2.13) that this

is our situation. This work was devoted to finding necessary conditions

in the form of multiplier rules which must be satisfied by extremal

trajectories. Berkovitz [1962] and Dreyfus [1962] derive similar re—

suits from the points of view of the calculus of variations and dynamic

programming respectively.

Subsequent works involved with necessary conditions have been

devoted primarily to unravelling the technical difficulties which arise

when a time derivative higher than the first is required to involve the

control variable explicitly (e.g. Bryson , Denhain and Dreyfus [1963] ,

Speyer [1968] and Jacobson , Lele and Speyer [1971]). The literature is

quite often at variance with regard to the necessary conditions asso-

ciated with this problem, although the later work cited appears to pre-

sent a satisfactory resolution. At any rate, we shall not be concerned

with these differences as our problem involves only first order state

constraints.
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Computational aspects of the problem are dealt with in Ho and

Bretani [19631 and Denham and Bryson [1964). Eoth works present itera-

tive numerical algorithms for the solution of the open loop problem ,

the procedure discussed in the latter being essentially an extension

of the steepest-ascent method coimi~~nly used in control problems uncon-

strained in the state. As such , it appears doubtful that this algorithm

would exhi. t acceptable convergence properties for our linear cost

problem, particularly in the vicinity of the optimum. Ho and Bretani

[1963] report that this is also Liue of their algorithm.

Little theoretical and computationally oriented attention has been

paid to the class of control problems with state variable inequality

constraints and control appearing linearly in the dynamics and perfor.—

mance index. In this case, the control is of the bang-bang type and

the costates may be characterized by a high degree of nonuniqueness.

Maurer [1975] examines the necessary conditions associated with this

problem when the control and state constraint are both scalars, and

presents an interesting analogy between the junction conditions asso-

ciated with state boundary arcs and singular control arcs. However ,

no computational algorithm is reported.

Perhaps the most interesting computational approach presented for

the all linear problem is the mathematical programming oriented cutting

plane algorithm of Kapur and Van Slyke [19701. The basic algorithm con-

sists of solving a sequence of succeedingly higher dimensional optimal

control problems without state space constraints. Under certain hypo—

—- . • -- - - -- — — - - - - .  •- - ---
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theses they are able to prove strong convergence of the control to the

optimum. The drawbacks to this approach are that the state of the

augmented problem may grow unreasonably large , and that even uncon-

strained state linear optimal control problems may be difficult to solve

efficiently . In the same paper Kapur and Van Slyke [1970] suggest for-

mulating the problem as a large linear program through discretization

of all constra~.ts, a more or less brute force approach which is dis-

cussed briefly in Section 2.7.1.

Comm~ .~ to all of the approaches described above is that none

broach the difficult problem of obtaining feedback solutions to the

state constrained optimal control problem . In fact , the application of

necessary conditions to arrive at feedback solutions is not a conunon

occurrence even for unconstrained state problems. ~Jotab1e exceptions

are the linear time—optimal and linear quadratic problem , for which the

feedback solutions are well known.

In light of these facts, in order to solve problem (2.lO) (2.l4),

we must first develop and understand the necessary conditions associated

with optimal solutions and creatively apply them to obtain a feedback

solution. Certainly, we must fully exploit the total linearity of our

problem , which has not been done heretofore. As is usually the case,

we shall be forced into making even further assumptions about the prob-

lem in order to achieve our goal. This overall effort constitutes the

primary mathematical contribution of this work , and is the subject of

Chapters 3-5.

- - - -~~~~ — -~~~ - — - - -  ~~~~~~~~~~~~~~~~~~~~~~~~
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2.7 Open Loop Solutions

Although our foremost goal is the development of feedback solu-

tions to the optimal control problem of Section 2.4., several open loop

solutions have received consideration . The principal advantage of

these approaches is that they apply to inputs represented by determin-

istic functions of time of arbitrary form. Also , at least in principle ,

open-loop solutions may be implemented as feedback schemes by continu-

ally recalculating them in time with the current state taken as the

initial condition for each problem . As such , open-loop solutions are

worthy of brief mention at this time, but we shall not pursue these

particular approaches further in this thesis.

2.7.1 Linear Progranuning Through Discretization

This technique is a rather standard approach for linear optimal

control problems . See , for example , Kapur and Van Slyke [1970]. We

first begin with the assumption that the inputs are such that the state

can be driven to zero with the available controls. Next , we select a

time T which is sufficiently large to insure that T > t
f

l where tf is

such that x(t
f
) = 0. To discretize , we divide the time interval (0, T]

into P parts, each of length i~t = t1~-t~~ 1, p E 11 , 2, ..., P1 . We then

make the Cauchy—Euler approximation to the dynamics

x(t ) = (c(t
1
) — x(t)]/At. (.~.l5)

With this approximation , equation (2.12) may be wr i t t en

- --
- - - -

~ 

_ _ _
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x( t  ) = x(t ) + ~t (a (t  ) + B u (t  ) ) ,  (2.16)
— p +l — p  — p  — — p

‘v~ p C (0, 1, ..., P—i]

and the performance index may be approximated to f i rs t  order by the

discrete expression

= ~~~~~~~ (2 .17)

In this format we have the following constraints:

D u(t ) < C (2.18a)
— —  p — —

u (t  ) > 0 (2.l8b)
— p — —

x (t ) > 0 (2.18c)— p — —

~ [0 , 1, ..., P1.

We now consider the x(t ) and u (t  ) ‘
~~ 
p £ (0, 1, . .., P] to be

— p  — p

the decision variables of a linear program ming problem. The total

number of such variables is (n+m)P. The non-negativity constraints

(2.l8b) and (2.l8c) are consistent with standard linear programming

format.

Since (2.17) is a linear function of the decision variables, we

have a linear programming problem with nP equality constraints (2.16)

and rP inequality constraints (2.lBa). The general format of the

program is known as the “staircase structure” , a form which has re-

ceived considerable attention in the programming literature . Such

works are devoted to exploiting the special structure of the problem in
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order to reduce computation through application of decomposition tech-

niques. See, for example , Manne and Ho (1974]. Cullum (19691 proves

that as the number of discretization points P goes to infinity, the

solution to the discrete problem approaches the optimal solution of the

original problem. However, for a reasonable size network and for P

suff iciently large to insure good quality of the approximation , the size

of the h r. -ir program (both in terms of the number of variables and the

number of constraints) becomes prohibitively large for practical appli-

cation. For this reason, this ‘ nique has beeji appl ied only for the

purpose of obtaining sample solutions to provide insight into the pro-

perties of optimal solutions.

2.7.2 Penalty Function Method

Optimal control problems with inequality constraints on the state

(and/or) control have frequently been solved in an open-loop fashion by

converting them to a sequence of problems without inequality constraints

by means of penalty functions. One such technique is presented by Las—

don, Warren and Rice (1967] . The penalty function detailed in that

paper works from inside the constraint, the penalty increasing as the

boundary is approached. Applying this technique to our situation , tl1e

state variable inequality constrained problem (2.l0)-(2.l4) is converted

to a problem without state constraints by augmenting the performance

index with a penalty function as follows :
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= 1T 
~~ (x~ (t) + £?/x~ (t)) dt (2.19)

> 0,

i,j £ N , i 
~ 
j.

The modified problem is then to minimize (2.19) subject to the

dynamics (2.1~~ and the control constraints (2.14) .

Since the penalty function term

~~ [(C~ /x~ (t))dt] i,j C N , i 
~ 
j (2.20)

approaches in f in i ty  as any x~ approaches its boundary x~ = 0 , we would

speculate that the minimizing solution remains within the constrained

region x > 0. In Lasdon , Warren and Rice [1967] it is shown that this

conjecture is true , and fur ther  that the minimizing control as a func-

tion of time and the minimizing cost approach those for the constrained

problem as max (c i ) + 0 i,j C N i ,~ j .  Also , since we ~re approach-
1,3

ing the constraint boundary from the interior, any solution for  the

unconstrained problem is also feasible for the constrained problem .

In order to implement this technique, we need to solve the uncon-

strained problem by any appropriate numerical technique for successively

decreasing values of £~~. Gershwin [19761 has created a program for  t~~

solution ot the penalty function approach to this problem in which he

uti l izes a modif ied form of d i f f e r e n t i a l  dynamic programming fo r  each

- -~~~-
- - -
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N

unconstrained minimization. The computational efficiency of the a1— I

gorithzn is greatly enhanced by the exploitation of parametric linear

programming techniques. W~~ ther or not this scheme encounters numerical

difficulties as C~ grows very small remains to be determined.

I 

- - - -~~. - - -~~~~~— _ _ _ _ _



Chapter 3

FEEDBACK SOLUTION TO THE OPT IMAL

CONT1~~L PI~JBLEM WITH CONSTANT INPUTS

3.1 Introduction

We have formulated the data communication network dynamic message

routing problem as the linear optimal control problem of Section 2.4.

In this chapte ‘.~e develop the fundamental theory underlying a novel

approach to the synthesis of a feedback solution to that problem. The

technique ~ predicated upon the assumption that all inputs to the net-

work are constant in time. In this section we present a brief review

of the development.

We begin by presenting the necessary conditions for the general

deterministic problem (inputs not constrained to be constant) and dis-

cuss these conditions in some detail. We then show that these condi-

tions are also sufficient, a most fortuitous situation since it guaran-

tees the optimahity of trajectories which we eventually shall construct

using these conditions.

The subsequent discussion is restricted to the constant inputs

case. Based exclusively on the necessary and sufficiency conditions ,

a geometrical characterization of the feedback space for constant inputs

is presented: the regions of x-space over which the same controls and

—5 0—
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sequence of states on and off boundary arcs are optimal are convex poly-

hedral cones in the state space. It is this special property (a result

of the total linearity of the problem) which embodies the addptability

of the constant input formulation to the synthesis of a feedback solu-

tion. What one needs is an algorithm to specify these regions and the

appropriate controls.

Next, we present several simple examples to illustrate how these

regions may be constructed. This is accomplished by producing a certain

set of optimal trajectories be~K~aid in time from the final state x = 0.

Each portion of these trajectories generates one of these convex poly-

hedral conical regions, thereby providing the optimal control in that

region. If a sufficiently complete set of trajectories is calculated ,

we manage to find enough regions to fill out the entire space.

The remainder of the chapter is devoted to the extension of this

concept to the general network optimal control problem with constant

inputs. Taking the lead from the examples performed , an algor-

ithm is presented for the construction of the conical regions from a

comprehensive set of backward optimal trajectories . This algorithm is

in general form, and several specific issues are raised regarding its

execution. An issue of central importance is the determination of the

appropriate set of costates required by the algorithm. The resolution

of this question is essentially geometrical in nature , relying upon the

interpretation of the Hamiltonian as a continuously rotating hyperplane .

In fact, many of the arguments are geometrical , so that we frequently



- T~~~T~~~~ ~~~~~~ ~~~~~~~

—52—

use two and three dimensional examples for illustration of the ideas .

Unfortunately, there are several characteristics associated with

the backward construction method which complicate its formulation as a

compact computational algorithm for the general network model. These

properties are introduced by way of examples in the Section 3.3.4.

Looking ahead , however , we are able to show in Chapter 4 that these

bothersome pr ~erties are non—existent in the case of problems involving

single destination networks with all unity weightings in the cost func-

tional.

3. 2 Feedback Solution Fundamentals

3.2.1 Necessary and Sufficiency Conditions

I 

The necessary and sufficiency conditions to be presented are valid

for arbitrary deterministic inputs. For ease of reference , we restate

our problem here .

Minimization mm J(x(t)) (3.1)
u(t)CLJ

ft
Performance Index J(x(t)) = J f (cx 1’x ( t ) ] d t  ( 3 . 2 )

to

Dynamics x ( t )  B u(t) + a(t) (3.3)

Boundary Conditions x ( t 0 ) = X ( t f
) = 0 (3.4)

State Constraints x(t) > 0 ‘~~ t £ It0, tf] (3.5)

- -
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( D u ( t ) < C
Control Constraints Li ~ 

— — — — 
Y- t e (t

0 , t f 1 (3 .6 )
( u(t) > 0

Theorem 3.1 (Necessary Conditions)

Let the scalar functional h be defined as follows

h (u ( t) ,  X(t)) ~~ X
T
(t)c(t) = X

T
(t) [B u(t) + a(t)]. (3.7)

A necessary condition for the control law u*( . )  C U to be optimal

for problem (3.l)—(3.6) is that it minimize h pointwise in time, namely

AT(t)B *(t) < A T
(t)B (t) (3.8)

~~ u~ t) E L I  ~~t £ It0
, t

fi•

The costate X f t )  is possibly a discontinuous function which satisfies

the following differential equation

—dA(t) c~dt + dfl(t), t C [t
0
, t

f
] ( 3 . 9 )

where componentwise d f l (T)  sa t isf ies  the following complementary slack-

ness condition

x~~(t ) dfl~~(t )  = 0 ‘~~ t C [t
0
, t

f
] (3.10)

d~~ (t) < o i ,~ c N , ~ ~ i .  (3. 11)

The terminal boundary condition for the costate differential equation

A(t
f

) = v free ( 3 .12)

and the t ransversal ity condi t ion is 
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xT (t~~~( t )  0. (3.13)

— Finally, the function h is everywhere continuous, i.e.

h(u(tT), A(t)) = h(u(t~), X(t~)) (3.14)

‘~ t C It0
, tf].

Proof:

Jacobson , Lele and Speyer [1971] present a generalized Kuhn—Tucker

theorem in a Banach space for the minimization of a differentiable func-

tion subj - t to inequality constraints. For our problem , it calls for

the formation of the Lagrangian

— (tf T (t f Tci x(t)d-r + J A (T ) [B u(r) + a(T) — x (T)  ]dT

d f l ( T )~~x (T )  + V
T

(t) (3.15)

where ri is an n X 1 vector adjoining the state constraints which satis-

fies the complementary slackness condition

dfl
T(T)x(T) = 0 (3.16)

< 0 (3.17)

~~~ T C [t
0
, tf1~

The vector V which adjoins the f i n a l  condit ion is an n x 1 vector of

arbitrary constants. 

— -~~~~~~~~~~~~~~~ --~~~~~~ -~~“ - --~~~ - —
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For u* ( )  to be optimal , 3 must be minimized at u *( . )  where x ( ) ,

x (t
f ) and t f 

are unconstrained and u is constrained by U C U . Taking

the differential of 3 with respect to arbitrary variations of x(~~) ,

x ( t
f

) and t
f 
we obtain

— ft f T T
= a óx ( T ) d T  + ci x ( t ~ )dt ~

Jto

(t~ T ftf T
— J A (r)óx(T)dt + drj ( T ) 5 x ( T )

t to

+ v
T
~~~(t) (3.18)

where ox is the variation in x for time held fixed and

dx ( t
f

) = O x ( t f
) + x(t

f
)dt

f 
(3.19)

is the total di f ferent ia l  of x (t f ) .  We next integrate the third term

of ( 3.18) by parts and rearrange to obtain

dJ = ft
f 
0
T
() [adi + da(T) + dA (i)]

to

— X
T (t  )O (t) + X

T (t 0) O x ( t 0
)

+ ~
Tx t f ) d t f + v

Tdx(t f
) .  ( 3 .20)

Since the in i t i a l  conditions are f ixed we have ~x ( t 0) = 0. Substituting

for dx(t
1
) from (3.19):

ft

d J = J  
f 

ó
T

l ( d  + drill) + dA (r)] +

t
0

— - ---—- .. ~~~~~~~~~~~~~~~~~~~ ~~~~= • —--..-
.-—--
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+ (V T 
—

+ [cz
T
(t) + v

T (t)]dt (3.21)

Now , in order for .1 to be stationary with respect to the free variations

Ox ( t ) , Ox ( t f
) and dt f we must have

ctdl + dri (t) + dA (T) = 0 (3.22)

X (tf) = v v free ( 3 . 2 3 )

T.
( t )  = A~~ (t

f
)X (t

f
) = 

T
(t) (3.24)

Equations (3.16) and (3.17) together with the constraint x >  0 imply

dfl~~(t )x ~~(t )  = 0 ~~T C [t
0
, t

f
] (3.25)

i ,j  C N , j ,~ i.

TIf we integrate the term J ~ A ( T ) x ( T ) dT by parts in equation
to

(3.15) and substitute equations (3.16) and (3.22)—(3.24) into (3.15)

we obtain

— ft
= 

I 
X
T() [B u(t) + a ( T ) ] d T . ( 3 . 2 6 )

to

In order for 3 to be minimized with respect to u ( . ) C U , the term

B u(t) must clearly be minimized pointwise in time , that is

A
T
()B *( ) < A

2
(T)B u(T) (3.27)

‘# uI-i ) U , t L [t 0
, t f l

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Thus , we have accounted for equation (3 .8) , leaving only (3.14) to be

proven.

To this end , let us assume that we have an optimal state trajec-

tory x*(t) and associated costate trajectory A (t), t C It0, tf
]. Then

by the principle of optimality, for any fixed T < t
1
, the functions

x*(t ) and A (t), t C It0, I], are optimal state and costate trajectories

which carz~ the state from to x (t
1

) = X I t ) . Hence , all of our pre-

vious conditions apply on It 0 , T I with x (t
f

) = x(T). Applying the

transversahity condition (3.24) aL t
f 

= T , we c~~t-~iin

XT(T) (T) = aTx (r) (3.28)

Since equation (3.28) holds for all I C [t0
, tf

l and x (T) is everywhere

continuous , then A
T
(T)c(T) must be everywhere continuous. This proves

equation (3.14). S Theoretfl 3.1

All of the necessary conditions which refer to the functional h

defined in (3.7) also apply to the more general (and familiar) func-

tional called the Hamil tonian defined as

H(x(t), ult) , Alt ), ~ (t)) a
T
x t  ÷ A

T
(t)x(t) .~ ~

T(t)x(t) (3.29)

The vector of multiplier funct ions j~(t) is defined componentwise as

d~~~(t)
p~~(t) = (3.30)

and therefore  is def ined only at points  for which r~ is absolutely

continuous. We need not be concerned with this technicality when we
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use h , which still embodies the important properties of H for our

problem.

V For emphasis, we shall discuss next the nature of the costates as

functions of the corresponding states as determined by equations ( 3 . 9) -

(3.10). At points of absolute continuity of fl~~, the associated costate

differential equation may be expressed in the familiar form

— X~~(T) = = ct~ 4 lt~~(T) . (3 .31)

When the h~~ite x > 0 (x~ is said to be on an interior arc) then equa-

tion (3.10) implies dT1 ? = 0, and equation (3.30) gives 0. There-

V 
fore , equation (3.31) reduces to

—X~~(T) = when x~ (r) 
> 0. (3.32)

When the state x~ = 0 (x~ is said to be on a boundary arc), its costate

is possibly discontinuous, depending on the nature of fl u . At points

for which T1~ is absolutely continuous, we have from equations (3.10)

and (3.11) that dr~? < 0  (since x~ = 0), and therefore equation (3.30)

impl ies ~~~(t )  < 0. Hence ,

—A~ (T) = c~2 + p~~ ( i )  
‘

~ (3.33)
1 1 I\ when x .(I) 0.

( 
1

< 0 ) ( 3 . 3 4 )

On the other hand at times when fl~ cxreriences jumps of magni-

tude “ fl 3 (T ) ,  equation (3.11) indicates
‘p

____________ - —- -— V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ -~~ --~~~~~~~~~ - -~~~~ -~~~~~~~~~
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x

x)
1

Interior arc Interior arc

Boundary arc

‘7f77/f/// f/ ~~7//7///// ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
t

Figure 3.1 Example of State-Costate Trajectory Pair

-- V .- - 
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j~V

Ari~ (T 
) < 0 (3.35)

1 P —

and from equation (3.9) we have

= A? (T~) 
- X~~(T) = -~~~ (r ) > 0. (3.36)

1 p 1 p i p

That is, jumps in the costate are always positive. The above situations

are depicted in Figure 3.1 for a possible state—costate trajectory pair.

The times at which the state enters or exits from a boundary arc

are called boun4ary junctions. Note that the minimum value which the

slope of uie costate may attain on or off a boundary arc is ~~~ Aside

from jumps, a characteristic of the costate which distinguishes the

state constrained problem is the possible non-uniqueness of the costate

for a given optimal trajectory. As such , it is clear that the costates

m~y not be interpreted as the partial derivative of the optimal cost

with respect to the state, commonl~ known as the influence function.

Furthermore, the non-uniqueness of the costate presents special impli-

cations for the feedback scheme to be developed. An example of this

behavior and a discussion of its significance is presented in Section

3.3.4.2.

In general, any trajectory obtained from a set of necessary condi-

tions is an extremal , and as such is merely a candidate for an optimal

trajectory . Fortunately, in our problem it turns out that any such

cxt r - r i~~l trajectory is actually opt imal , as is shown in the followinq

th~ - o r

-~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -  - —~~~ ~~~~~~~~ - ~~~~~.V
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Theorem 3.2

The necessary conditions of Theorem 3.1 are sufficient.

Proof:

Let x *(t ) , u*( t ) ,  A ( t ) , n(t) satisfy the equations (3.2)-(3.6)

and the necessary conditions (3 . 7 ) — ( 3 . l 4 )  of Theorem 3 .1 .  Also , let

x( t ) , u ( t )  be ~~~ state and costate trajectory satisfying (3.2)—(3.6).

Then

= J(x) J ( x *)

= ft f T 
(x(r ) - x* ( T ) ) dT

= 1~~~
T~~~ - ~~T~~~ 1 ( x (T )  -

by substituting from (3 .9)  and expanding obtain

T
(1)~~~~~) - 

T~~~~~ ( )  + x*
T
(~r)dX (T) + x*

T
T~~~~ T~~

From equation (3.16) , x*T (I ) d f l ( I )  = 0. We now integrate the first

and third term in OJ by parts :

xT (t ) d A (-t ) = X
T

( t t  -

A
T
( ) ( )d

~

- - -

~
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x *T (T) d x ( T )  AT(:) *()  - x
T
t ) *( )

- A (T)x (T)dr.
4-

Now , by (3.4)

x(t
0
) = x*(t) = and

X(t
f
) = x*(t ) = 0.

Substituting these expressions we obtain

OJ 
It;: 

:

T
T

~~~~

I — X
T ( ) *( ) ) d

— f x (-r)dr~(-t )to

ft f A T ( ) B ( ( )  — u*(T))dT

- f ~ X
T (T ) d fl ( T ) .

But by (3.8)

~
T
(T~~~~~~T) - ~*(T~~~ T ~

and since x(t) > 0 and dfl(T) < 0 we have

T
~~~d ( )  < 0.

— - - —  --— V— - V  ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~- 
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Therefore OJ > 0 ~~~
. u() C U, x l -) > 0. • Theorem 3.2

Although it is not immediately apparent how one may utilize the

necessary conditions to obtain optimal solutions (this if most often

the case), certain fundamental characteristics of optimal solutions may

be deduced immediately from the form of these conditions. We begin this

discussion by noting that finding the optimal control function u*(.)

reduces from (3.8) to solving at every time I C [t0 , t f I the linear

program with decision vector u(t~~:

u*(T) ARG MIN
— 

u (T)CU 
—

P~RG MIN (X
T
(1)B u(T)] (3.37)

u (T)CL4

~ D u < C
LI ,!
~ u > 0

This is a fortuitous situation , since much is known about characterizing

and finding solutions of linear programs. We know , for instance, that

optimal solutions always lie on the boundary of the convex polyhedral

constraint region U.

We now proceed to represent the solution to the linear program

(3.37) for the specific form of the matrices ~ and 0 which correspond

to our network problem. The minimization can actually be performed on

one link at a time. Consider the link (i ,kJ and a possible set of

V 
~~ V V V~~~~~~~~~~~~_  ~ V 

----V - - - -~~~~~~~~~~
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associated controls

1 2 i—l i+l N
u .k~ Uik~ 

u .J~ , U ik  . . .,  u.k.

A given control may appear in one of the two following ways:

1) U
k enters into exactly two state equations :

= —~~~? (t) + ... +
1 ik 1

(3.38)
x~ (t) = +u.

k
(t )  + ... +

2) enters into exactly one state equation:

k k
x .(t) = —u . + .. .  + a . (3.39)
1 ik 1

Hence , all controls on link (i,k) contribute the following terms to

PA H U:

(A ,~(t ) —

+ (A~~(t) — A? (t))u~, (t)

+ ...  + (A 1
(t)-A~~~~( t ) ) u ~~~~(t )  (3.40)

+ (A~~
1
(t)-A~~~~(t))u~~~ (t)

+ ~~.. + (X
N
(t) - x~~t nu N (t )k 1 ik

where X~~(t) = 0. Equations (2.4), (3.37) and (3.40) determine

V — — - - - - -V - - - — - ~~~~~~~~~~~~~~~~ _V ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ V V  V~~~~~~~~~~V - V~ 
____________
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I

The optimal control law at time t on (i,k):

• uik
(t ) = C

~k 
and u.k(t) = 0 Y~ j ~ 2 

(3.41)

if (X
2
(t) - X~ ( t ) )  < (A 3 (t) - A ? ( t ) )  

~ Ik 1. k :1.

and (A~~(t) — A~~(t) )  < 0.

• uik (t) + u~~
1
(t) + ... + u.~~(t) = Cik 

(3.42)

u.k (t) = 0 ~ j~~ [2~,2+l,...,m]

if (A
2 
(t) - I t ) )  = (X

2
~~ (t )  - A~~

1 
(t)) = ...  =

k 1 k 1

= (X
m (~ ) -A~~(t ) ) < ( A~~( t)  - A~~( t ) )
Ic 1 k 1

~~~~~ [2 , 2+1 ,..., ml

and (A~ (t) - X~ ( t ) )  = (A  
l(t) A (t), = . . .  =

= (X~
(
~

) - A~ (t )) < 0.
k 1

• u.k (t) + ÷ .. + u .
k
(t) < C i k  (3 .43 )

u.k (t) = 0 ~ j~~ [2 ,2+1 ,. . ., m]

if  (A ~ (t )  -~~~~~ (t)) = (A~~~ (t) 
- C t ) )  = . ..  =

k k 1

= (A ~~(t )  - X~~(t)) = 0

and (A ~~(t) 
- A~~( t ) )  > 0 ~ j ~ 

[Q , ~+i , . . ,  ml .

V 
~~~~~ V
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The actual computation of the optimal contro l at time t requires V

knowledge of A l t ) , which in turn requires knowledge of the optimal state

for time greater than or equal to t. This is the central difficulty in

the application of necessary conditions in the determination of a feed-

back solution. The remainder of this thesis is essentially devoted to

demonstrating how this difficulty may be surmounted for our problem.

However, •‘e may immediately deduce several properties of the opti-

mal control from examining the general form of (3.41)—(3.43). It is

evident that the quantities which determine the optimal controls are the

coefficients of the form (A~ (t) 
- A~~(t)) which multiply the control

u k lt). The only situation under which it is ever optimal to have

strictly positive is if (A~~(t) — X~~(t)) 
< 0. In words, this condition

says that it is optimal to send messages with destination j from node i

to node k at time t only if the costate associated with x~ (t) is greater

than or equal to that associated with x~~(t). This fact gives rise to a V

very interesting analogy : The flow of messages in a data communications

network can be roughly visualized as the frictionless flow of fluids in

a network of pipes with storage at tanks in the nodes. We may then

relate the costates A~~(t) and A~~(t) to the pressures at the storage

areas x~ and x~ respectively, and the difference (X~~(t) - X~~(t) ) to the

associated pressure difference . In this vein , we shall refer to

(A?~
(t) — A? (t)) as the costate difference which exists at time t between

node i and node k and is associated with the traffic going to destina-

tion j. I t  is therefore optimal t o  send messages of a given destination

-~~~ .~~~~~~~~~ —~~~~ — -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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from one node to an adjacent node only if the costate difference is nega-

tive or zero .

According to equation (3.41) , if the costate difference associated

with destination j  on link (i ,k) is strictly negative and less than the

remaining costate differences on this l ink , then the optimal control is

u3
k
(t) = C.k and all other controls are zero. However , equations (3.42)

and ( 3.43) ~eveaJ. that when two or more costate differences on the same

link are non-positive and equal, the associated optimal control will not

be uniquely determined. In these situations, the optimal solution set is

in fact infinitely large. Such non-uniqueness is a fundamental property

of linear programs.

3.2 .2  Controllability to Zero for Constant Inputs

Henceforth we shal l be considering only the situation in which all

the inputs are constant funct ions of time over the interval of interest

t C It 0, 4]. The utility of this assumption for the representation of

data network operation is discussed in Section 5.1. In this section,

we present a simple theorem which characterizes all those inputs which

allow the state to be driven to zero under given link capacity cons-

s t ra thts. We beg in with a de f in i t i on :

Definition 3.1: We denote by

) 
~

j-
~ 

= B U and U n UI C Rn (3 44)

the set of feasible flows attainable through the available controls.

—V ~~~~~~~~~~~~~~~~~ V - V~~V-V~~~~~ V VV~~~~~-V-V -— V - V~~• -. • V —- VV -V-V~~~ _V--V~~~~ — -
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The reason for the negative sign in the definition of;~eis basically

one of notational convenience. We shall also refer to .1 as the x-con-

straint figure. Note that since U is a bounded convex polyhedron in

gm and B is a linear mapping from to R~ , then .~~ is a bounded con-

vex polyhderon in R~ .

Theorem 3.3 (-Thntrollability to zero , constant inputs)

All initial conditions of the system (3.3)-(3.6) are controllable

to zero under constant inputs if and only if

a C m t  (,~~) (a c Rn .
~~~ C Rn)

where Int (.~fl denotes the interior of the x-constraint figure.

Proof: Suppose a C Int(;~f l.

F i gu r e  3. 2 x-Constr~ I r t  Fiqure

_ _ _ _ _  - -  - .
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We shall proceed by showing that it is possible to pick a control

corresponding to a feasible flow which simultaneously brings all compon-

ents of any initial state x(0) to zero.

There is a neighborhood N ( a , C) which lies entirely in IntCi) for

C > 0 suff iciently small. See Figure 3.2. Consequently , we may pick

a constant control u ’ such that for all

x~~(O)
—b~ u ’ = a? + c

~ 1~~ 1. x (O)

where is the row of B corresponding to x 1, and x~~(O ) is the corres-

ponding component of x (OI . The norm is in the Euclidean sense. Apply-

ing the control u ’ we obtain

x1 (0)
x~ (t) = b~u’ + a~ = —C 

1

2. —1-— 1 x(0)

Since C > 0 , all components of x ( 0 )  are brought to zero in the time

T = = H~~~~~~~~~~1I

On the other hand, suppose that a g~ IntC~i). Then a fa l ls  ei ther

on a boundary of .1 or in the complement of.~1 with respect to R
n
. It

now must be ahown that in either case there exists some initial condi-

tion which is i.ot controllable to zero.

We begin with the case in which a falls at a boundary point of.~1;

that is, a falls on a face of the convex polyhedron .). As a prelimin-

ary, we recognize the fact that since all of the components of a are

V--V.. -- V 
_ _ _  _ _ _ _
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non—negative, then the face of ~~~ on which it falls lies at least par-

tially in the non—negative orthant of It is not difficult to see

that any face of.~ which lies in the non-negative orthant of Rn has

the following properties:

(i) Consider the hyperplane which contains the face. Then the

coefficients of the equation of the hyperplane are all non—negative ;

that is, the --it normal vector to the face has all non-negative com-

ponents.

(ii) At least one of the components of the unit normal vector

is strictly positive.

Let n denote the unit normal vector to the particular face of .1

on which a lies. See Figure 3.3.

F’ i - ; - ~r e  3 .3 ;t t aj n i t - l t -  1 w ~ j
~. ti’e L O ~~~ n~

_

of Constant I u t

_ - _ _  -~~~~~~~~~~~~~~~
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Now , since —x = -B u — a it is evident from Figure 3.3 that a

given flow -x can be realized by a feasible flow -B u with inputs a

if and only if

n < 0 .  (3.45)

We now proceed to show that if a lies at a boundary point of.~~,

then we can always find some initial condition which cannot be brought

to zero with the available controls. To this end, consider the follow-

ing subset of ~

~~= {X E g nIX J = O  ifn~~>0}

where n~ is the component of n corresponding to x
1. Now , choose any

initial condition such that x(t0) ~ IP. Clearly such a point always

exists. We now shall show by contradiction that any such ini t ial  condi-

tion can never be brought to the final state x(t
f
) = 0. Suppose that

the state can be bro ught to zero at some time t f . Then the state must

hit ~ at some time I’ < tf~ Therefore, at some time T~’ < I ’ we must

have x~ (T ”) < 0 for at least one component x~ of the state vector such

that n~ 
> 0. The existence of such a component is guaranteed by

property (ii) above. Also , all of the other components of x associated

with positive components of n must be such that they have non-positive

time derivatives at T ’ . Hence , since by (i) above all components of n

are non-negative we have

— x ( t ”) . n = ~~~ —x 1 (T ” ) n ~ > 0.
1, J I N
j~~i

V 
-—- V - ~~~~~~~~~~~~ ~~~~V V~ ~~~~~~~~~~~~~~~~~~~~ —- - -- —--- - -V-V--V-V --V ~~~~
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The above inequality contradicts (3.45) and therefore any x(t0) %

cannot be brought to zero.

Finally , consider the case in which a C ~~~~~ Then it is easily

seen that there is at least one component of the state which increases

without bound for any u C U . Therefore, no initial condition is con-

trollable to zero in this case and the theorem is proved.

U Theorem 3.3.

Controllability to zero is certainly a necessary condition for

the existence of an optimal solution to (3 . 1) - ( 3 . 6 ) , although not in

itself sufficient. However, as our feedback synthesis technique will

be based upon trajectories which satisfy the necessary conditions , we

are guaranteed of their optimality by the sufficiency Theorem 3.2.

We shall therefore have no need of an explicit proof of the existence

of an optimizing control.

3.2.3 Geometrical Characterization of the Feedback Space for

Constant Inputs

In what follows , we shall assume that the controllabil i ty to zero

condition of Theorem 3.3 is satisfied. The following is a consequence

of the optimal control characterization (3.41)- 3.43) , and as such is

a corollary to Theorem 3.1.

corollary 3.1 If a constant, then there always exists a solut ion t :

(3.l)-(3.6) with controls piecewise constant in t ime and t r a j ec to ry

-- -V~~~~~~~~~~~ —. -- — --~~~~~~~~~~ *V ~~~~~~~~~~ - —~~~~~~~ --~~~~~~~~~~ -- ------- - -—V ~~~~~~~~~~~
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with piecewise constant slopes.

Proof:

For a given costate trajectory ACt) , t C It0
, t

f
]~ the optimal

control is given by (3.4l)-(3.43). For those controls with unique

optimal values, the determining factor is the sign and relative magni-

tude of the associated costate difference. Over periods of time for

which these factors remain the same , the optimal control is constant

and is given by U .k = C.k or U.k = 0. Those controls not uniquely

determined over certain periods of time (as in situations (3.42) and

(3.43)) may achieve any values which satisfy certain constraints, such

as 
~~ 

U
~k 

= C ik or U
~k 

< C ik . The only additional requirement on

these controls may be that they maintain certain states on boundary arcs

over certain periods of time. Since the inputs are constant , any such

requirement may always be satisfied by constant valued controls over

the appropriate time period. As the controls have been shown to be

piecewise constant and the inputs are constant, it follows immediately

from equation (3.3) that the associated optimal trajectories have piece-

wise constant slopes. U Corollary 3.1

We note in passing that the above corollary also holds for piece-

wise constant inputs.

The solution to the constant input problem is of the bang-bang

variety in that the optimal control switches intermittently among 

- V — - - -V-V— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - — -V- - V - - V  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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boundary points of U . Also, in situations when one or more costate

differences are zero or several are negative and equal, the control is

termed singular. Under such circumstances , the optimal control is not

determined uniquely from the laws (3.41)-(3.43). In the solution tech-

nique to be presented, this non-Uniqueness will play a major role.

Owing to the bang-bang nature of the control, every optimal tra-

jectory may 1 — characterized by a f ini te  number of parameters . We now

present a compact set of notation for specifying these parameters.

Definition 3.2

U(x) 
~O ’ ~l’ ~2’ ~~~~~ ~•~f 1 (3.46)

and T(x) ~ {t0
, t

11~ •~~~~ •~~ tf}

are a seQuence of optimal controls and associated control switch time

sequence which bring the state x optimally to 0 on t C [t
0
, tfJ~ where

U is the optimal control on t C It , t~~1
) , p C (0, 1, . . .,  f—li .

When dealing with the necessary conditions , an additional pro-

perty of a given trajectory which shall be of interest is which states V

travel on boundary arcs and over what periods of time. This informa-

tion is summarized in the following definitions :

Definition 3.3

B ~ {x ~ Ix ~~t = 0 ~~ I c It , t ) }  (3.47)
p 1 1  p ~+l

is the set of state variables travelling on boundary arcs during the

~ j-t icati. -n of

— - V - - V  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --V- — — = -  - -V. .— - - -V - — -—~~~~~~~ - V -——-~-
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Definition 3.4

= {8~ , 8l~ ~~~~~~ B f l } (3 .48 )

i~ the sequence of sets B corresponding to the application of U(x) on

T( x ) .  8(x) is referred to as the boundary seQuence.

In the forthcoming development, we shall be interested in regions

of the sta le space which have the following property : when we consider

every point of the region to be an initial condition of the optimal con-

tro]. problem, a common optimal ~uht~rol sequence and a common associated

boundary sequence apply to all points. Formally, we define the follow-

• n
ing subset of R

Definition 3.5

~~(U , 8) ~ c R~~U(x ) = U and B(x) B}.  (3.49)

Note that since any two distinct members of ~‘(U , 8) have associated with

them the same sequence of optimal controls, the number of switch times

in their respective sequences is the same. However , the values of the

particular switch times will in general be different. Suppose

C ~<‘(U, B) and 
~2 

£ ~~UJ, B) .  Then the switching time sequences are

distinguished with the following notation:

Notation 3.1

T(x
1
) = ft~,, tj, . ..~~ t~ }

(3.50)
T(x

2
) = (ta , t~ , . . .,  t~ } .

- V  V
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The above definitions are illustrated pictorially in Figure 3.4.

It may appear at f irst that the regions ~~(U, 8) defined above are

too special to be of any utility . However, we shall soon demonstrate 
V

that such regions are related to the basic building blocks of the feed-

back space. With this as motivation, we begin by providing a fundamen-

tal geometric property of these regions.

Theorem 3.4 (Geometrical characterization)

Let the inputs a = constant. Let U and B be control and boundary

sequences respectively as defined in (3.46)-(3.48). Also, let ct’(U, B)

n •be the subset of R as defined in (3.49). Then~~?(U, B) is a convex

polyhedral cone in

Proof: The basic elements are embodied in the following lemmas:

Lemma 3.1. Let the inputs a = constant. Suppose c gn and 
~2 

£ Rn. V

If 
~2 

= yx
1
, where y is a scalar y > 0, then

U(x2
) = U(x

1
)

and B (x2) = B(x
1
).

Proof of Lemma 3.1:

For the purpose of this proof, we shall consider time to be pro-

pagating backward from t f~

_ _ _  - - -V-~~~~~~-V -~~~~~~~~~~
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Pi-~ure 3.4 Illustration of U (x), T(x) , ~
‘( Y , -~~)

—..-

~

_ - ---- -- .—-- .-~~~~~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V ~~~~_ . - - ~~~~~~~~~~~~~~~~~~ ~~~ - -1 4



-- -- -~~ ~~~~~ -- - ~~~~~~~- -_-~~~~ -. — -- ~~~~~~~~~~~~~~~~~~~ -- -
- -~~~~~-~~----~~- - -

—78—

x

~~~ /// v // / / / / / / / / / / / / / / / / / ~to t
f

Figure 3.5 Time Convention for Proof
of Lemma 3.1

Let the optimal solution which brings the state x(t
0
) = to

x(t
f
) = 0 be characterized by the control and switch time sequences :

U(x
1
) = {

~~ , 
~1

’ 
~~

•
~~~~
‘

(3.51)
T ( x

1
) = {t~ , tj, ...~~ t~ }.

Associated with this optimal solution is the costate vector A
1 evolving

in backward time according to

dX1 
(-r ) = adr + da (I)

= 

~1 
(3.52)

I C  [t i, tc
]
~

The proof shall consist of producing a switchin9 time set T(x2) and

a costate history 
~.2 (t )  for which U ( x 1

) is an optimal control sequence

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-V. -— - - 
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which brings x~ = to 0. These sets are

T(x
2
) = {t~ , t~ , . . . ,  t~,} (3.53)

w~~re t” = yt’ (3.54)
p p

p £ (0, 1, . .. fl

dX
2
(T) = c~dT + d02

(T) (3.55)

where A
2
(t~) = yA

1
(t~) (3.56)

and dfl )(~~ ydfl
1
(T/y). (3.57)

To show that indCed this set optimally brings 
~2 

to 0 we have to

show the following assertions:

(i) The application of U (x1) on T(x2) drives the state

from 0 to x = ~x backw~rd in time.— —2 —l

(i i )  
~~~~ 

=

(ijj) and A
2 
satisfy all of the necessary conditions.

(iv) U(x
1
) is optimal on T(x

2
).

Step (i).

Since our system is time invariant, for convenience we set

t~ t~ t
f 

= 0 as the initial time in the backward sense. Then if

we denote by x1
() and x

2
() the state trajectories resulting from the

it-i i xc at ion  of U ( x 1
) on T (x

1
) and T(x2) respectively , 

integration of

• ; . . ~~~~~~ dynamics backward in time yields

- -
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_f x2

(T)dT

fyt
= -J ,c ( r/y) dT

o 1

= - f y x
1
(s)ds , 5 = T/y,

= yx
1

(t) t ~ [ti
, ta] . (3.58)

In particular, we have

~2
(t
0
) 

~2 
= 

~~~~~~ 

= yx
1
(t~) - (3.59 )

Step (ii).

From (3.58) we see that if any component of 
~l 

is zero on

It’ , t’÷1), then the corresponding component of ~.2 
is zero on

It” , t~~1). Likewise , if any component of is greater than zero on

It’ , t’~~~), then the corresponding component of 
~2 

is greater than zero

on It” , t” )p p+l V

Step (iii).

By virtue of the fact that 8(x2
) = 8(x

1
), it is easily verified

that da2 as defined in (3.57) satisfies the complementary slackness

condition (3.10). Since 
~2 

is defined to satisfy a differential equa—

tion of the required form , and d~ 2 satisfies complementary slackness ,

V 

then 
.2
(1) 1 1 C (t

f~ 
t~ 1 , is a legitimate costate trajectory .

_  _ _ _ _ _ _  --V - V
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Step (iv).

The relationship between 11 and backward in time is

A
2

(yt) = 

f~:t 
a dl + dfl2

(T) +

by (3.55) and (3 . 56)

1
_
It fIt

= 

J t
f 

0. dl + y J d01
(T/y) +

by ( 3.5/)

= a ds + y d01(s) +

V 

where s

Y t C It t; t~ I .  (3.60)

Definitions (3.51) imply

u* = ARG MIN (X
T
() B u)

-

~~~ UCU 
—1 —— —

I C [t ’ , t’~~1
) p C [0, 1, . . . ,  f— lJ

= ASC MIN (yA ~~(T)B u)
u~U

since y positive scalar

= ARG MIN (A ~~(yT)B u). (3.61)
ucU

The above is equivalent to

— — —- - - - - --V -- .- --V - .. --V --- V — . . - - - - • - - -_V .
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U~ = ARG MIN (A T
(T)B u) (3.62)—2 — —

1 £  It”, tj~~1
)~ p C  [0, 1, . . . ,  f—li.

Therefore, our supposition regarding the optimality of U(x
1) on T(x~)

is verified. Hence, the application of U(x
1
) on T(x

2
) = {t~ , t~ , . . . ,

t~} forward in time brings the state from x2
(t~) = ~x1 to x2(t~) = 0.

U Lemma 3.1

Lemma 3.2. Let the inputs a = constant. Suppose for some

C R~ , x1 > 0, > 0, that

U(x
1
) = U(x

2
) = U

and

= B (
~2
) = 8.

If 
~3 

= 

~~l 
+ (l—y )x2, 

0 < ~~ 1,

— then

U(x
3) = U

and

B (~ 3 ) = B.

Proof of Lemma 3.2:

As in the proof of Lemma 3.1 , we assume that time propagates back-

ward from the final time. Let the optimal solution which brings the

state from 
~l to 0 be characterized by the control sequence and switch

time set

V — V -- V - V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - -V - - - V V V - -V -V

•

- V - V - V - --V- ~~~~~~~~



— - —  __-V__ _•~ — ________ _ . , . ~_. - •~•-V—V- -V ~- V - V

— 83—

U(x
1

) = U = {
~~ , U

1
, . . . ,

(3.63)
T ( x 1

) = {t~ , tj, ...~~ t~}

respectively and similarly for

U(x
2

) = LI = 
~ o ’ ~ l’

(3. 64)
T(x 2

) = {t~~, t~ , . . . ,  t~}.

Associated with each of the above optimal solutions are costate

vectors A
1 
and which evolve backward in time according to

dA
1
(T) = cLdT + d0

1 
(I) X

1
(t~) = 

~-l (3.65)

I C [t~ , t~ i

dA
2
(t) = adT + d02 

(I) X
2

(t~) = 

~-2 (3 .66)

I C  [t~~, ta] .
The proof proceeds along similar lines to the proof of the pre-

vious lemma. We shall produce a switching time set T(x
3
) and a costate

history X
3
(t) for which U is an optimal control sequence which brings

= 

~~~ ~ 
(1_y )

~~2 
to 0. These sets are

T ( x 3
) = {t ~ , t~ , • . . ,  t~ } (3.67)

where t” = -yt + (l—y)t ” (3.68)
p p p

p c [0, 1, - . - ,  fi

dX 3 ( I )  = ad’ + da3
(r) (3.69)

where ~~~~~ ) = yX 1 (t~) + (l—y)X
2
(t~ ) (3.70)

-V -- - - V - - V — -V ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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V and

At ’
dr~3 (t”’ + I) ‘

~
‘ dn1

(t’ + ~~~ T)

At”
+ (l—y ) dr~2 (t”  + 

~~~~~~~ 
i) (3.71)

I £ [0, At”’ ), p C (0, 1, . . . ,  f)

where we denote

Notation 3.2

At’ = t’ — t’
p p p-1

At” = t ” — t” ‘
~

- p C [0,1, . .  ., f] -
p p p-1

At”’ = t”’ — t”’ (3.72)
p p p-i

From equations (3.72) and (3.68) we obtain

At” = yAt~ + (1-y)Atj . (3.73)

To show that indeed the above set optimally brings x3 to 0 we have

to show the following assertions:

C i)  The application of U on T ( x 3) drives the state from 0

to x
3 

= yx~ + (l—~)x2 backward in time.

(ii) 5(b) = 8.

(iii) and )~ satisfy all of the nececessary conditions .

(iv) U is optimal on T(x
3
).

V --V --V--V - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

-

-~~~~~~~~~~~~~~ -~~~~~
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Step Ci ).

Since our system is time invariant, we set t~ = t~ = t~ = t
f 

as

the initial time in the backward sense. We now denote by x
1 ~~~~

, 
~2 

-)

and x3 ( )  the state trajectories resulting from the application of U

on T(x ) ,  T(x ) and T(x ) respectively and designate x = B U + a.—l —2 —3 —q —— q —

Integration of the state dynamics backward in time yields

p+l
x (t” + t) = — 

~c At” - x t
~~ p 

q=f-1 ~~~ q -i-l

p+l
= - ~~ c (YAt ’ +(l- y )A t ” )—x t

q q —p-i

by substituting (3.73)

yx
1
(t’) + ( l— -y) x2

(t ”) — x
1t

t £ [0, At” ).
p

Also from (3.73) we have

At ’ At”
—•-

~~
— ‘1— ~ 

•—
~~~-- —‘

~
‘ 

At” + ‘ ‘v” At” 
—

p p

so that the above expression now becomes

x3 (t ”’ + t) = y~ 1
(t~ ) + (1-.y)x2(t

”)

V At’ At”
— 

~~~~~~ ~~~~~~~ 

+ (1 1) 
~çj~~ 

) t

At ’ At ”
= yx

1
(t ’ + ~~~~ 

t) + (1—y)x
2
(t ” 4- ~~ t)

.

~

.. _ _ _ _ _ _ _ _ _
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t C [0 , At ” ) . (3.74)
p

In particular , we obtain the desired value at

x
3
(t~’ ) = = 

~~~ 
+ ( l— y) x

2 = yx1
(t~~) + (l—y)x

2
(t~). (3.75)

Step (ii).

Since S(x1
) = B(x2

) = B, if any component of is zero on

It’ , t~~ 1
), then the corresponding component of 

~2 
is zero on

and vice versa; also, from (3.74) we see that under this circumstance

the corresponding component of x
3 
is zero on (t’ , t ’.~1

). Likewise for

components strictly greater than zero. Hence, B(x3
) = B .

Step (iii).

By virtue of the fact that S(x3
) B it is easily verified that

as defined in (3.71) satisfies the complementary slackness condition

(3.10). Since is defined to satisfy a differential equation of the

required form and d~3 
satisfies complementary slackn~-ss , then X 3(T),

I £ [t f~ 
t~’ I , is a legi t imate  costate t ra jec tory .

Step (iv).

Integrating the costate t’ !uat 1 n (~~.69) backward in time on

t e [0, At” ) we obtain
p

+ t) = \~~(t ’’ ) + j  t d: + f d~ 3 Ct 

A: ’
= ~ 3 ( t ” ) + 

•,

f . 
t dr 

~L; ’. dTi1 ( t ’ + t) 4

___  _ __ _  ..—--—- - --
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rt At”
+ (1—y ) J ~~-2 

~~~~ + 
~~~~~~~~~ 

I).

p
p

Now perform the change of variables

At’

At ” 
I

p

At”
S
2 

= I

p

and note that I = 

~~~ 
+ (1-y)s2 

by (3.73). Then

A
3
(t” + t) = X

3(t
W )  + d(ys

1 
+ (l_Y)s

2
)

At ’ P A t”
t t V

— 
1 P I P

+ y J dfl1
(t~ + + (l-y) J dfl2

(t” + s
2
)

t o’ to’ 
V

p p
At ’
p V_____

I P
= X

3
(tj’ + I Jr ,,, (a ds

1 
+ dfl 1Ct ~ +

p

r Atj

I (~~2 A t ” ~
I I

+ (1— Y) t J ’ 
(a ds2 + drI 2 (t ”  + 

~~~ 
(3.76)

L p
t c [0, At ” ’] .

p

From (3.65) and (3.66) we obtain by backward integration
At ’

At’ 1
.s
1

r~~4,, t

+ 
~~j~~~

— t) = ~1
(t~

) + J (~~~ 
ds

1 
+ dfl1

(t + s
1
))

(3.77) 

- 
~~~~~~~~~~~~ . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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and 
At”

S ~~~~~~~~~~~~ t
At” ( 2 At”’

(t” + ~~
.-

~~-- t) = 

~-2 
(t~~ + (a ds

2 
+ dO2 (t

” +

(3.78)
IC  [0, At”).

p

Substituting (3.77) and (3.78 ) into (3.76) obtain

At ’
A3 (t” t) = X

3
(t”’ ) + yA 1 (:’ + ~~~ t) - yA

1
(t’)

+ (1-y)A
2
(t” + ~~~~~~~~~~ t) - ( 1—y) A

2
(t ”)

I C [0, At” ) . (3.79)
p

Upon substitution of the end condition (3.70) at tf 
= t~ = t~ = t~’

the costate propagates in the following fashion backward in time:

At’ At”
A
3(t

” + t) = -yA
1
(t’ + ~~~~~~~~~~ t) + (l—y)A

2
(t” + 

~
-
~ 5~

-- t) (3.80)

C [0, 1, ..., fI , t C [0, At”’ ).

We now ver i fy  that for A
3 given by the differential equation (3.69)

with end condition (3.70), U is an optimal control sequence on T(x3).

By the definitions of U, T(x1
) and T(x

2
) we have

- = ARG MIN A
T
(t , 

+ t)B u , t £ [0, At’) (3.81)—p —l p —— P

and

ARG MIN A
T(t,, + t)B u, t C [0, At”). (3.82)

ucU 
—2 p —— p
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EquationS (3.81) and (3.82) imply

YAT(t , + t)B u~ < yX
T(t, + t )B u (3.83)—l p — — p — —i p — — p

~ u C U, t C [0, At ’)
p

and

(l—I)A~ (t ” + t )B~~~ 
< (l-y)A

’
~(t ” + t)B u (3.84)

‘~ u C U , t C [0, At”).—p p

Equations (3.80), (3.83) and (3.84) give 
-

+ t)B u* < A
T
(t ,,, 

+ t)B u (3.85)
—

~ p — --p — --3 p — --p

~ ‘- u C U , t C [O , At”—p p

that is

u~ = ARG MIN AT(t,,, + t) , t C [0 , At ” ) (3.86)
uCU 3 P p

~~p C  [0, 1, ..., f I .

Therefore, with A 3 as def ined , U is an optimal control sequence

which when applied forward in time on T (x
3
) = {t~

’ ,tj~’ ,..., t~’ } brings

the state from x3(t~ 
) = x3 to x3 (t~ ’ ) = 0. U Lemma 3.2 

V

Lemma 3.1 implies that the regions ~‘(U, B)  are cones and Lemma 3.2

implies that these cones are convex . As each region is convex , the

interfa ce between any two adjacent reg ions must be a portion of a hyper-

plane through the origin which belongs to one region or the other (we

assume for technical reasons that the number of regions is finite) . 

--.-- - - -  -“ ---- - -V- - -. - V —” -V- -..--—-V- ..---- --~~~~~~~
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Therefore , we have established the convex polyhedral conical nature of

the regions. • Theorem 3.4

In preparation for development of the feedback technique , we pre-

sent the following corollary to Theorem 3.1 which narrows down the

freedom of the costates at the final time.

Corollary 3.2 If any state, say ~
k
, is strictly positive on the final

time interval [tf 1~ tf) of an optimal trajectory, then X
k
(t
f
) = 0.

Proof:

Consider a specific state x~ satisfying the hypothesis. Then

since x~ (-r), I C (tf 1~ t
f1~ is constant by Corollary 3.1, we must

have

x .(t
f
) < 0.

t
f 1  

t
f

Figure  3 .6  Typ ical State Variable  Approaching
Boundary at tf

- ‘ Then there must exist a directed chain of links from node i to

node k (arbitrarily denote them by {(i, i-fl), (i+l , i+2), .., (k—l ,k)})

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - . ----- —-
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carrying some messages with destination k, that is

u~~~~1
(t
f
) > 0~ u~~~~~~~ (t~) > 0, ..., uk_l ,kCt

f
) > 0.

In order for the above control to be optimal, we must have (by (3.41)-

(3.43))

A~÷1(t f ) - X~~(t~) < 0

X~÷2 (t f ) - A~~1
(t
f) < 0

—A ~~~1(t f ) < 0.

From the above we conclude

X~~(tf
) > X~~ 1(tf

) > 0.

We now proceed to show by contradiction that X~~(tf
) = 0. Suppose

X~ (t f
) > 0. Then the transversality condition ~~~~ X~~(t f ) c ? ( t f ) = 0

i ,J
implies that there must be at least one x~ (tf

) < 0 such that A~~(tf
) < 0 .

But the above reasoning applied to x~ implies that X~~(t f ) > 0. Hence ,

a contradiction. • Corollary 3.2

3.3 Backward Construction of the Feedback Space for Constant Inputs

3.3.1 Introductory Examples of Backward Boundary Sequence

Technique

The construction of regions of the type ~~~~~~~~~ B) wi ll  play an impor-

tant role in the synthesis of the feedback space. A basic observation

- - -V - -V - —~~ - -V - -- . -  - -  - — -—~~~~~~~~~~ --
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with regard to these regions is that they are functions of the entire

future sequence of controls which carry any member state optimally to

zero. This general dependence of the current policy upon the future

is the basic dilemma in computing optimal controls. This problem is

often accommodated by the application of the principle of dynamic pro-

graniming, which seeks to determine the optima l control as a function

of the state b y working backward from the final time. The algorithm to

be developed employs the spirit of dynamic programming to enable con-

struction of regions of the type ~t~(U, B) from the appropriate set of

optimal trajectories run backward in time. These trajectories are

fashioned to satisfy the necessary and sufficient conditions of

Theorem 3.1, as well as the costate boundary condition at t f given in

Corollary 3.2.

We motivate the backward construction technique with several two

dimensional examples which introduce the basic principles involved.

In fact, throughout the thesis important concepts will be illustrated

with the simplest possible examples whenever the interests of clarity

can be served. The reader is encouraged to study these examples care-

fully , as they comprise an essential part of the exposition. Also ,

one is able to grasp the general geometrical notions more readily with

a simple two or three dimensional picture in mind.

V -V -V_
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Example 3.] .

3

1.0 u~ 3 ~~• 
1.0

u~~~, < ‘‘ .5

1 2

3 3
X
1 

X .)

U~~1 
<

Fi~~~re 3. 7 u , 1~ S in ~~1~ . )r~~;ti d t 1~~ , .  :.e t w o r ;

The network as pictured in Figure 3.7 has a single destination,

node 3; hence , we can omit the destination superscript “3” from the

state and control. var iables without confusion . For simplicity , we

assume that  the inputs to the network are zero , so that the dynamics are :

x1
(t )  = —u

13
( t )  — u 12 (t )  + u21

(t )
(3 .87 )

x 2 (t )  = —u 23
( t )  + u 12 (t )  — u21 (t )



with control constraints as indicated in Figure 3.7. The cost function

is defined as

ft f
o = J {x

1
(t) + x

2
(t)}dt . (3.88)

t0

Let the vector notation be

U12

fx1\

u13

U
23

We wish to find the optimal control which drives any state

x(t0) > 0 to x(t
f
) = 0 while minimizing D.

As our intent is to work backward from the final time, we list all

possible situations which may occur over the final time interval

[t
f ] . l t f I with respect to the states and x2. Recal l troin Corollary

3.]. that the state rates and are constant on all intervals.

( i)  < 0

x 2 
= 0

(i i )  x~~ < 0

x = x  = 0

~~~~~~

x2 < 0 .

These are certainly the only situations which may occur on the



V V

final time interval , although we have no way of knowing a priori which

are consistent with the optimality conditions. We do know by virtue of

sufficiency that any trajectory which is optimal has associated with

it costates which satisfy the necessary conditions; and that any tra-

jectory which satisfies the necessary conditions is indeed optimal.

Hence , our first task in the analysis of each of these cases shall be

to attempt to produce a set of costates for which the control which

solves the appropriate form of (3.37) gives ri~~ to the specified tra-

jectory on some non-zero interval of time preceding the final time.

We now consider these situations one at a time:

Ci )  x1
(T) < 0, x

2
(T) x2

(i) = 0, ‘t C 1t f_ 1~ t f i •

This situation is depicted as part of Figure 3.8 . We begin by

considering the time period Etf 1 l  tf
] in a general sense without

actually fixing the switching time 
~~~~~ 

This is simply the time period

corresponding to the final bang-bang optimal control which brings the

state to zero with < 0 and x
2 

= = 0. We now set out to find if

V 
there is a costate satisfying the necessary conditions for which this

situation is optimal; and if so, to find the value of the optimal con-

trol. The linear program to be solved on T C [tf 1~ tf
] is

u*(T) ARG MIN (A (-t)x (i) + A (i) c (ii)
— t1cU 1 1 2 2

= ARG MIN ( ( A 2 ( T ) — A
1

( i ) ) u 12 ( r )  + ( A
1

( T ) — A
2

( T ) ) u 2 1 ( T )

— A 1(T ) u13 ( - r ) — X 2 (’r ) u 23 ( T )  I .  ( 3 . 89)
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x~— x
l

I t

N:

!

N-l
i

A
2~~~~~~~~~\

\

I

_
-~~~~ 4- ~t f V )  t f 1  t f

L iqure 3.8 State-Cost~ te T ra jec tory  Pa i r
f i r  Examp le 3. 1, Case ( ] )
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Now, the stipulation ~1 < 0 tells us from Corollary 3.2 that

X
1

(t
f
) = 0 (3.90)

and since i~ bn an interior arc, equation (3.32) gives

A
1

( T )  = —l T C (t f ] .. t f l .  (3.91)

This is shoWil in Figure 3.8 . Now, since we specify x
2 

= 0 on this

interval , j 1q  bostate equation is

—dA
2
(t) = 1 dT + dI1

2
(T) (3.92)

dfl 2 (T) < 0

A 2 (t f ) — u~ free T C [t f 1 l  t f l

where is a possibly discontinuous function. We now submi t that the

costate value X
2

(T)  = X
2
(t) = 0 , T C ( t f 1~ tf

) is such that there

exists a solution to (3.89) for which < 0 and = 0. The reader

in fact may ver i fy  that A 2 (T)  = 0, T C Etf 1, t f I S  is the only possible

value since A2
(T) > 0 or A 2 ( r )  < 0 imply by (3.89) and (3.87)  that

< 0 and > 0 respectively. Before presenting the specific solution

we verif y that A
2
h) = ~ 2 (t )  = 0, T C [t f 1~ tfJD is a costate value

which is consistent with equation (3.92). First, the required final

condition X2
(t
f

) = 0 is acceptable since the necessary conditions leave

it entirely free. Also , the differential equation A 2(-r ) = 0 may be

realized with dfl2
(T) = -di, which is consistent with (3.92) . This

costate trajectory is pictured as part of Figure 3.8 - Now, with the

costates so determined , one solution to (3.89) is

-~~~~~~~~~~~~~~~~~~ —-—
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u(T)  = (0.5 , 0.0 , 1.0 , 0 5 ) T (3.93)

x1(t )  = —1 .5 c2
(T) = 0 (3 .94)

T C [t
f 1 s t f ] .

We emphasize that the above solution is only one anong an infinite set

of solutions to (3.89). However, it is the solution which we are

seeking. We now make an important observation regarding this solution.

Since A
1
(i) = —l and A

2
(T) = 0 for T C [t

f 1 s t
f
) l  the control (3.93)

remains optimal on T C (—~ , t f I~ But as t f 1  
+ 

~~~~~~ x1
(t
f 1

) +~~~~

Thinking now in forward time , this implies that any initial condition

on the x1-axis can be brough t to zero optimally with the control spe-

cified in (3 94 ) .  We have therefore determined the optimal feedback

control for all points on the x1-axis~ This is indicated in Figure 3.9.

Suppose now that we wish to consider a mere general class of tra—

j ectories associated with the end condition under discussion . What we

may do is to temporarily fix tf 1  and stipulate that the control on

Et f 2 ~ tf_].) has x2 negative; that is, insist that x2 “leave the

boundary ” backward in time. As before, the initial time tf_2 of the

segment [t
f 2 ~ 

tf 1) is left free. The program to be solved is (3.89)

with -r c (t f 2 ? t f 1 ) .  Now , since x
1 

is on an interior arc across

tf 1 l by (3 .32)  its costate must be continuous across tf_ 11 that is

A
1
(t
f ] .
) = A 1(t~_ 1) = t

f 
- tf 1 • (3.95)

Since (3.92) allows for only positive jumps of 
~‘2 forward in time , we

~~ IIISIE V - _ _ V V _ _ V V V ~V _ V ~
__  — — — _V — ~~~~~~~~~~~~~~ ~V_ _  - .  — V~~VV. V_V V 
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have

A
2

(t
f] .

) = A
2
(t

1) = 0. (3.96)

Also , since both x
1 and x

2 are on interior arcs on (t f 2 ~ tf 1 )s equa-

tion (3.32)  gives

= —l
€ ~~~~~ ~ l~~ 

(3.97)
A
2(T) = —l

The resultant costate traj ectory is depicted in Figure 3.8. We now

perform the m inimization (3• flfl) r r T C [tf 2 l tf 1 ). Since

> A 2 (r )  > 0, t C (tf 2~ 
t .1 ) ,  the solution to (3.89) is

u(T) = (0.5, 0.0, 1.0, 10)
T 

(3.98)

so that

= —1.5 x
2
(i) = —0.5. (3.99)

Therefore, the optimal contro l gives x 2 (T )  < 0 , which is the

situation which we desire. Once again, we see that the control is

optimal for T C (—a’, tf_1 1 • Since x1/x2 = 3.0, upon leaving the x1

axis backward in time the state travels parallel to the line x1 
— 3x

2 
=

0 forever. Now, recall that t f 1  is essentially free. Therefore , from

anywhere on the x
1 
axis the state leaves parallel to x

1 — 3x
2 = 0 with

underlying optimal control (3.98). Thinking now in forward time, this

implies that any initial condition lying in the region between the

line x
1 - 3x2 = 0 and the x1-axis (not including the x1

-axis) may be

brought optimally to the x
1
-axis with the control (3.98). See 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ V V V
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Figure 3.9. Once the state reaches the x1—axis, the optimal control

which subsequently takes the state to zero is given by (3.93). There—

V fore , we have now managed to f ill up the space between the line

x
1 — 

3x
2 

= 0 and the x
1-axis with optimal controls!

The reader may now see that the feedback control regions just

derived are the convex polyhedral cone of Theorem 3.4. For instance,

the shaded region of Figure 3.9 is the half open cone

~?(u, B)  = (xjo < x
2 < 51 } (3.100)

where U = 

~-~.f-2’ ~f—l~

~ f—2 
= (0.5, 0.0, 1.0, 10)

T

Uf 1  = (0.5, 0.0, 1.0, 05)
T

and B = 

~
8

f 2 ’ Bf 1 }

2 
=

5
f—1 

=

Note that 
~.f-2  is the control which is actually applicable for

x C ~‘(U , B ) .  The entire sequence u = 

~~f—2
’ ~~~ was needed to con-

struct ~C(U, 8).

(ii) x
2
(T) < 0, x1

(-r ) = 
~l

( T )  0, r C [tf 1 f  tf).

This situation is the same as (i) with the roles of x1 and x
2

simply reversed . If we let x
2 leave the boundary f irst backward in

V -V  • V ~~~~~~~~~~~~~~ V~~~~~~~ V_~~~ ~~~~~~~ V_ ~~~~~ V _ V V_ -~~~~~~ V _ —- -~~~~_ V _
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so that

x L
(T) = —1.0 — u12 (T) + u21 (T)

(3.104)
x
2
(T) = —1.0 + u12

(T) — u21(T).

Hence , we have encountered the non-uniqueness in the optimal con-

trol discussed in a general sense at the end of Section 3.2.1. The

values of u12 and u
21 

are completely arbitrary as long as they remain

within their constraints. Moreover, for any T C (.-
~°, t

f I the entire

set of optimal controls (3.103) remains optimal. In this case, the

optimal directions by which the state leaves the origin lie between

= 3.0 and x
2/x1 = 3.0, that is, between the lines x1 

- 3x
2 

= 0

and x
2 

- 3x
1 

= 0. As before, we now switch our consciousness to for-

ward time and realize that for any point lying between the lines

— 3x
2 

= 0 and x~ - 3x
1 

= 0 (not including these lines) the complete

set of controls (3.103) is optimal. For any point on the line

- 3x
2 

= 0 only the control which has u12 
= 0.5 and U21 

= 0.0 is

opti ial. Likewise, for any point on x2 
- 3x

1 
= 0 only the control

which has u12 = 0.0 and u21 = 0.5 is optimal. See Figure 3.9.

Having filled up the entire space with optimal controls region

by region , the specification of the feedback control is now complete. V -

•Exaniple 3.1

Example 3.2

The network is the same as for Example 3.1, but the cost func—

tional is taken as

___________- - - — ~ V~ _V  ~~~~~~~~~~~~~~~~~~~~~~~~~ —— ~~~~~~ ~~~~~~~~~~~~ ~~~ -=~~ V~~~~ VV -V~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(tf
D =J {2x

1
(t) + x

2
(t)}dt. (3.105)

As in Example 3.1, we take the approach of working backward from the

final time , beginning with the three possible situations which may

occur at that time.

(i) x~ (T) < 0, x2
(T) = x

2
(T) = 0 , T C [t

f 1 f t
f
]

The linear program to be solved over the final time interval

C [t
f 1. tf I is (3.89) with A

1
(r) and A2 (T )  appropriately determined.

The final condition (3.90) applies, but since the weighting on x1 is

= 2, the appropriate differential equation for A1 is

— 2 r c (t f 1 l tfl • (3.106)

Now, A1(T) is determined in the same fashion as X 2
( T )  in case ( i)  of

Example 3.1. That is, the value

A (-t ) = 0 T C [t f_1~ tf
] (3.107)

allows the solution to (3.89) to be such that c
2
(T) = 0, 1 £ [tf 1 f t

f
]. V

Consequently, the optimal control (3.93) applies here. The feedback

control on the x1-axis is therefore assigned in the sane fashion as

in Example 3.1. See Figure 3.12.

Let us now allow x
2 to leave the boundary backward in time at

t~~ 1
. This situation (as well as the previous one) is illustrated in

Figure 3.11. The linear program to be solved is as always (3.89) . In

this case we have

-— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ —~~ VV V ~~~~~~~~~~~~~~~~~~~~~ ~~
V V V

~~
V 

~~~~ -V~~~~~~~ V _  • V V  - V-
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x
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/////)~~~~~~~// /////// ~//// ~

A l
l

tf 2  tf 1  tf

Figure 3.11 State-Costate Trajectory Pair
for Example 3.2 , Case (i)
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= ( 0 0 5 1 0 1 0)
T

x
2 ~c1 

= -0 .5

= -
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= ~~~~~~~~~~0 ,h0) T

• 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ = (2 .5,Q ,L0,1.0)~

V 
-0.5 

V
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A 1(t~~ 1
) = A

1
(t

1
) = 2 t f - tf_1)

(3.108)
A 2 (t~~ 1

) = A 2 (t _1) = 0.

Since both x
1 

and x
2 

are on interior arcs over this interval, their dif-

ferential equations are

= —2

1 C (t f 2 f tf 1 ) .  (3.109)

A
2
(T) = —l

Also , as before , all that matters in the solution of the linear program

is that A1
(T) > A

2
tr) > 0, T C (tf 2~ 

tf 1 ). Therefore, the solution is

given by (3.98) and this solution applies on the conical region

{~jo < x2 <~~
1} as argued in Example 3.1. See Figure 3.12.

(ii) x2(T) < 0, x~ (T) = x
1
(T) 0, T C [tf 1~ 

tf].

The details of this situation are depicted in Figure 3.13.

We know from Corollary 3.2 that

A 2
(t

f
) = 0 (3.110)

and from (3 .32)  that

X 2 (- r)  = —l T C (tf_1 1 tfl • 
(3.111) V

We now may find by the process of elimination that the only value of

I C [t f 1 l t f l for which x
1 

= 0 is optimal is:

= A 1( r )  = 0 t £ (t f 1 ~ t f l •  (3 . 112)

Therefore , the solution to (3.89) is the same as in Example 3.1 ,

_ _  _ _ _ _  -- V - V~~~~~V_ -_  -V-VV_ V - V  
V • —
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case (ii) and the control on the x
2—axis is assigned in identical

fashion. See Figure 3.12.

As the next step , we now stipulate that x
1 leaves the boundary

backward in time at t f 1~ Since x2 (t
f 1

) > 0 , we have from (3.32)  that

• A 2(t~~1
) = A

2
(t

1
) t

f 
— t f 1~ (3.113)

Since costate j umps can only be positive in forward time , we must have

A1
(t ~~ 1

) = 0. (3.114)

Also, sincu x1(T) > 0, x~ (T) > 0, t £ [tf2 I tf_1)P

=

T C (tf 2 S  t
f 1
). (3.115)

A 2(T) 
= —l

See Figure 3.13. We now notice a fundamental difference between

this and the previous situations. At some time before t f_ 1 the sign of

(A 1(t) - A 2 ( T ) )  changes, which implies that the solution to the linear

program (3.89 )  changes at that time. Therefore , t f 2  is not allowed to

run to -~~ , but is actually the time at which the costates cross and the

control switches. The optimal controls and state velocities on either

side of the switch are :

V 

I C [t
f 2 l tf J ):

U = (0.0, 0.5 , 1.0 , ] .Q)
T 

(3.116)

= —0.5 = -1.5 (3.117) - - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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T C (t f 3 ~ tf 2 )

U = (0.5, 0.0, 1.0, 1 0) T (3.118)

• 
= —1.5 “2 

= —0.5. (3.119)

The relationship between the states x1 and “2 at t f 2  may be calculated

as follows :

A 1
(tf_2) = X 1

(t
f 1

) + 2 (t
f 2  

— tf 1)
(3. 120)

X 2 (t f_ 2 ) = A 2
(t f_1) + (tf_2 — t

f]•
)

but

X1
(t f_1) = 0

(3.121)
A 2(tf.1

) = (tf_1 — t
f
).

The crossing condition A 1
(tf_2) = A

1
(tf_1 ) implies from (3.l20)— (3.l21)

that

-
t 

t f_ 2 
— tf 1  

= tf 1  
— tf. (3.122)

Now

xl
(t

f 
= x 1

(t f..1) + 0.5(t
f 2 

— t f_ 1)

(3. 123)
X

2
(t

1 2
) = x 2 (t f 1

) + 1.5(t
f 2 

— tf_1)

V 
but

X
1
(tf 1 ) = 0.0

(3. 124)
X

2
(t f 1 ) = 1.5(tf_1 

— t
f
).

Finally , (3.122)—(3.l24) give 
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X
2

(t
f 2 ) — 6X

1
(t f 2

) = 0. (3.125)

That is, the switch of control corresponding to the t ime tf 2  always

occurs when the state reaches the line (3.125). Therefore , backward

in time the state leaves from anywhere on the x2 axis with control

(3.116) and associated rate (3.117). The direction of travel is

actually parallel to the line x2 
- = 0. Upon reaching the line

x
2 

— 6x
1 

= 0, -
~e control switches to (3.118) and the state travels

parallel to the line x
1 

- 3x
2 

= 0 forever. This sequence is illustrated

for a sampled trajectory whose portions are labeled l , 2 ,~3 in

Figure 3.12 and Figure 3.13.

From these observations , the following may be inferred about the

feedback solution: The control (3.116) is optimal anywhere within the

region bounded by the x2-axis and the line x2 - 6x1 = 0, not including

the x
2
—axis. The control (3.118) is optimal anywhere within the region

bounded by the lines x
2 

- 6x
1 

= 0 and x
1 

- 3x
2 = 0 not including the

former line. These regions are indicated in Figure 3.12.

Since the entire space has now been filled up with optimal con-

V trols, the feedback specification is now complete. The reader may

verify by a simple exercise that case (iii) merely provides the optimal

control on the line x1 - 3x
2 

= 0, which we already have.

•Example 3.2

We now summarize the content of the preceding examples. By

s t a r t i n g  at the f i n a l  time , we have allowed states to leave the boundary

_ _ _  _ _
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backward in time and have computed the corresponding optimal trajec-

tories as time runs from zero to minus infinity. In the instances

when the control did not switch over this interval , we were able to

construct one conical region of coimson optimal control (as well as

common control and boundary sequences which take any member state to

zero). When the control did switch , as in case (ii) of Example 3.2,

two such regions were constructed. By considering enough cases , we

were able to fill up the entire space with regions of common optimal

control, thereby providing the feedback solutions. The prirmary diff i-

culty in calculating the optimal controls by the necessary conditions

was in the determination of the proper value of the costates correspon-

ding to states specified to be on boundary arcs.

3.3.2 Technique for the Backward Construction of the Feedback

Space

The examples of the previous section suggest an approach by which

the feedback solution to (3.1)-(3.6) may be synthesized. In this sec-

tion, we take our lead from these examples to suggest a general method

for the synthesis of a feedback solution. We then present the basic

structure of an algorithm which may realize the method. Several ques-

tions are identified which must be answered in order to implement the

algorithm.

3.3.2.1 Preliminaries

We begin wi th  a d e f i nj t ~~’:: wi:i -h ~i c ~ j 0s a class of subsets u f
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nR which shall comprise the building blocks of the feedback space :

Definition 3.6: A set ~~~~~ C R~, is said to be a feedback control

region with control set Q, ~2 C U , if the following properties hold:

(i) Consider any two points 
~l’ ~2 

C Int(.~~). Suppose U(x1
) = U

with associated switch time set T(x1
). Then U(x 2

) = U for

some switch time set T(x
2
). Here U(x) and T(x) are as defined

in (3.46).

(ii)  B (x~) = B(x
2)

whe e B ( x )  is defined in (3.48).

(iii) Any control u C ~2 that keeps the state inside the region .~~~
‘ for

a non-zero interval of time is an optimal control. Formally , if

x(t) C ~4) then any u C ~ is an optimal control if there is an

C > 0 such that under the application of u , x(t+C) £ •

~~~~

.

The reader may verify that all of the regions constructed in

Examples 3.1 and 3.2 are feedback control regions in the sense of

Definition 3.6. Our goal now is to specif y an algorithm which will

construct feedback control regions for the general problem. As a

corollary to Theorem 3.4 we obtain quite readily the following geometri-

cal characterization of feedback control regions.

Corollary 3.3 Let the inputs a = constant. Then the feedback control

regions of Definition 3.6 are convex polyhedral cones in Rn.

Proof: From properties (i) and (ii) of Definition 3.6 we see that any 
V
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feedback control region .j~’ is the intersection of a set of regions of

the type (7(U, B ) .  From Theorem 3.4 we know that all regions of this

type are convex polyhedral cones in the state space; therefore, the

non-empty intersection of any set must also be a convex polyhedral

cone. U Corollary 3.3

Definition 3.7: A segment of an optimal trajectory is that portion

which occurs on the time interval between two successive switch times

I and I , not including the time instant Ip p+l p+l V

The basic concept underlying the construction of the feedback

solution is now presented:

Constructive Dynamic Programming Concept

Construct a set of backward optimal trajectories, each

starting at the f inal  time t f I among which all possible V

sequences of states leaving the boundary backward in time , V

both singly and in combination, are represented. Each seg-

ment of every optimal trajectory is utilized to construct a

feedback control region with associated optima l control set.

These feedback regions are convex polyhedral cones, and the

union of all such cones is the entire space .

3 .3 . 2 .2  Description of the Algor~~~ m

The algorithm by which the above method may be realized is now

presented. We emphasize that several of the procedures which the 

-V~~~~~~~~~~~~~ V V~~~~~~~~~ _ _ _

~

V

~

V_ _  _______
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algorithm calls for are not included in this presentation , but shall

be singled out for future consideratiop as the discussion proceeds.

For clarity, the discussion in this section is divided into three parts ,

which we now list:

(i)  General description of a step of the algorithm. V

(ii) Detailed description of a step of the algorithm.

(iii) Rule governing the frequency of execution of the step, and

proo f that the algorithm realizes the constructive dynamic

programming concept.

( i)  General description of a step of the algorithm

Each step consists of two basic operations. They are:

• Operation 1

Allow a certain set of state variables to leave the

boundary x = 0 bac’~waru in time and determine the subsequent

optimal trajectory (trajectories) backward in time assuming

that no other state variables leave the boundary as time runs

to minus infinity.

•Operation 2

Utilize the relevant information associated with the optimal

trajectory (trajectories) of Operation 1 to construct one or

more feedback control regions with associated control sets re-

ferred to in the constructive dynamic programming concept.

-- -~~~~-— -~~V VV ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V - V V  - V
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V

(i i)  Detailed description of a step of the algorithm

We f i rs t  establish some shorthand notation which facilitates

the discussion.

Notation 3 .3

I ~ tx~~x~(T) 
> 0, 1 C [1 , I )} (3.126)

p 1]. p p+l

is the set. of state variables which travel on interior arcs during the

segment corresponding to 
~~~~~ 

1 +1).

Notation 3.4

L ~ {x~ Ix~ leaves the 
boundary at time t } (3.127)

p i i  P

is the set of state variables designated to leave the boundary at t .

With B as defined in (3.47) we take note of the following rela-p 
V

tionships :

Tp—l 
= i

p u L~ 
(3 . 128) 

V

L~ c B~ 
(3.129)

B = 6 /L . (3 . 130)
p-l p p

Notation 3.5

cardinality of I . (3.131)
p p

p cardinali ty  of L~ . (3.132)

V - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Notation 3.6

~ is the set of optimal control vectors:
p

~ {u*ju * = ARG ~~~ X
T
(T)B u(T) i c [T , T

÷~
)}. (3.133)

Notation 3.7

.~q is ~ .e feedback region determined in Operation 2 by the para-

meters of the trajectory segment on [1 , T
41
) with associated control

set ~~ . 

V

p

a
From notations 3.3 and 3.7 we see that  .~8 C R ~~, where the basis

p
0

vectors of R ~ are the elements of 7 . This situation is illustrated
• p

in Figure 3.14 . Due to the pictorial limitation of three dimensions ,
a
R ~ is represented in two dimensions in Figure 3.14. The remainder

n-0 n-a
of is R ~~, where the basis vectors of R are the elements

of B . The third orthogonal axis represents R~~~~ . Basis sets are

in parentheses.

In or&~r to describe a single step (that is a sequence of Opera-

tions 1 and 2) we pick up the algorithm at a point at which the con-

struction of a feedback control region .
~~~ 

has just been completed in

the previous step. We further stipulate that on the current optimal

trajectory ( trajector ies)  the state variables of 7~ are on interior

arcs and those of B are on the boundary . Refer again to Figure 3.14.

In detail , the two operations are :

- -~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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•Operation 1

Suppose that we choose a s~ e c if ic  set of state variables

L C  B to leave the boundary backw ard  ir ,  ime . From Figure 3.14 we

visualize that the statement ~~~~~~ L t~~i •e ~ iv ~~ the boundary backward

in time” is equivalent ~~~~~~~~~~~~~ ~~~~~~ s~~ te variables in L to leave
p

the region •A ’ backward ~~ ~~~~~~ : V ~~~~ is , t:.e state vector leaves
p 

--

the subset of R ~ t. tr~ ’-~ 1r !L R k . Looking ahead, in

Definition 3.8 we shall iescr :~ t- ~ division of •~g into subregions
p

with respect to L . This d e f in i t i ~ r. is deferred unti l  af ter  the

description of Operation 2 since several notions developed in that

operation are required. The question of determining subregions is

confronted in Sections 3 . 3 . 2 . 2  and 3 . 3 . 3 . 2 .

For the purpose of the present discussion , let us assume that we

have divided ,
~~~~ 

into s subregions with respect to L .  Denote these

subregions by ~~~~~~ ~~~ L~ ) 1  . . .,  .~R (L ~ ), where the depend mce of

the division on the particular set L~ 
is indicated in the parentheses .

Looking ahead once again, the rule governing the frequency of execution

of the step (part (iii) of tI-~~ discussion) shall call for to leave

from each of these subregions. To describe a single step , we shall

now stipulate that L~ leaves from a specific subregion , say

This rule shall also call for I to leave from one or more points in

~
)r (L ) .  In the curient  discussion we shall stipulate that L isp p  p

leaving from the specific point x ~ ~~~~~~ AlSo, WC ass igr the

reference time t to the time at which L leaves .~~
t (L ) .

p p p p
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We assume that we have arrived at x at time t through a back-
—p p

ward trajectory which has been fashioned to satisfy the necessary condi-

tions . Then associated with x is some possibly infinite set of co-

state vectors , which we shall designate A~ . Fortunately,  in principle

at least , we shall be required to deal with only a f inite subset of

any infinite costate set. The question of the determination of this

subset , which remains partially unresolved when it contains more than

a single member , is discussed in Sections 3 .3 .2 .3  and 3.3 .3 .2. We

assume for the purpose of this discussion that this subset is known

and that we are dealing with a specific costate vector A C A
—p p

We now make the following assumption regarding all optimal trajec-

tories propagating backward in time.

Assumption: No state variable which is off the boundary (that is,

travelling on an interior arc) must subsequently return to the boundary

backward in time.

The above assumption is certainly not always true, as we demon-

strate with a simple example in Section 3.3.4.4. However, in Section

4.3 we show that it is valid for problems involving single destination

networks with all unity weightings in the cost functional.

Returning to our current situation , the set of state variables

which are travelling on interior arcs subsequent to the departure of

L from the boundary backward in time is 7 = I U L as indicated in
p p-1 p p

Equation (3.128). Also , the set of state variables travelling on 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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boundary arcs is 5
p—l 

= 8~IL~ by (3.130) . According to the assumption ,

all state variables in I remain off the boundary for the entire
p-l

time interval I C (—°~, t). We now state the problem which comprises

the central task of Operation 1:

Given the state x and costate A at time t , find
—p —p p

all optimal trajectories backward in time on T C (-
~~, t~

)

for whi~~i

< 0 ~ C L (3.134 )

x~ (T) = 0 Y x  C B (3.135)
i. p—l

x~ (I) > 0 ‘# x~ C 7 (3.136)
i. p—l

y. I C (-a’, tp

or determine that no such optimal trajectory exists.

Note that in the above problem statement the stipulation of equa-

tion (3.134) guarantees that the state variables in do in fact leave

(or stay on) the boundary backward in time at t .  Also , equation

(3.135) expresses the desire to maintain on boundary arcs all of those

state variables which are on the boundary at t~ and are not members of

V 
L~~. Finally, equation (3.136) is a formal statement of the assumption

stated above. Now, by the necessary and suf f icient conditions (Theorems

V 3.1 and 3.2 respectively) we know that any (and all) optimal trajec—
.4

tories must have a control which satisfies the following :
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u*(r) = ARG MIN A
T ( I ) ( T ) = ARG MIN A

T
(T)B u (r) (3.137)

u(-r )CU u ( I ) E L J

where

A(t ) = A (3.138)
— p .—

~

A~~(T) = —Q~ ‘# C 1 (3 .139)
1~ 1. 1 p—i

—dA~~(I) = ci~ dI + dfl~~(I) (3.140)

# x1 c B
j t 1 p-i

d1~~(I) < 0 ) (3 .141)

~~I C 
(_ ~x~, t ) .

p

Our task is therefore to find all of the solutions to (3.137)-

(3.141) which satisfy the constraints (3.134)-(3.l36). The greatest

dif f icul ty is finding those values of ri~ for x~ £ for which the

solution to (3.l37)—(3.l4l) satisfies the constraint (3.135). The

following simple proposition is helpful in resolving this dilemma.

Proposition 3.1: Any solution to (3.137)-(3.14l) which satisfies

constraints (3.134)—(3.l35) is also a solution to

= ARG MIN 
~~~~ 

X~~(I) x~~(I)  ( 3 . 142)
u (I)EU X C I
— 1 p-i

subject to

x~ (t) < 0 ~ C L ( 3 .143)

x 3 (I) = 0 Y- x~ C B ( 3 . 1 4 4)
1 1 p—i
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where

A~ (t) = appropriate component of A (3.145)

~ V’ X~ c i
( i. p—l

A~ tr) = —ct ? (3.146)
1 1

‘#1 C (—~~, t ) .

Proof: We n~ y rewrite (3.137) as

u* (I) = ARG MIN ~~~ A~~(I)x~~(T)+ ~~~~~~ A~ (r) c~ (i) . (3 .147)
u(t)CU x~CI — — 

1 1

1 p 1  1 p 1

But by (3.135) we have

1 
A~~ T x~~I) = 0 ~~T £ (-

~~~, t) (3 .148)

and therefore any solution to (3.147) which satisfies (3.135) is also

a solution to (3.142). U Proposition 3.1

We use the following notation in discussing the optimization

problems presented above:

Notation 3.8: The optimization problem of (3.l37)—(3.l4l) is referred

to as the global optimization problem. The minimand associated with the

global optimization problem,

X T cr~~~~I = 

~~~~ 

A~~ I)~c
J (I) + 

~~~~ 

A~~(I) c~~(I), (3.149)

1 p—i 1. P—i
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is called the global Hamiltonian.

We point out that the Hamiltonian of Notation 3.8 d i f fers  from

that defined in (3.29) by the additive term (a
T 
+ II

T
(T))X (T) How-

ever , since x(I) is not an explicit function of u, both are identical

with respect to the pointwise miminimization .

Notation 3.9: The optimization problem (3.142)-(3.146) of Proposition

3.1 is referred to as the constrained optimization problem. The mini-

mand associated with the constrained optimization problem ,

( 3.150)
1~ ~

p-l

is called the restricted J-Iamiltonian.

We repeat for emphasis that according to the necessary and suffi-

cient condi tions any (and all)  optimal tra jectories mus t have a control

which is a solution to the global optimization problem, that is, which

minimizes the global Hamiltonian . We are looking for the class of

optima]. trajectories which also satisfies the constraint (3.144). Pro-

position 3.1 tells us that any (and all) optimal trajectories in this

class must also be solutions to the constrained optimization problem.

However, we must take care to note that solutions to the constrained

optimization problem may not be solutions to the global optimization

problem . See Section 3.3.4.1 for an example of th is behavior. In order

for a constrained solution to be a global solution there must exist

V V -- V V ~~~~ • -- V - - - V~ V~~-V_-VV -- ~~~ --~~~—-~~~~
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values of A~~(T) for all x~ C B such that the constrained solution
1 1 p-l

satisfies (3.137) when (3.144) is released. These costates must

satisfy (3.138)— (3.14l).

Now, note that we are able to solve the constrained optimization

problem immediately since we know all of the coefficients of (3.142).

The values of A~~(r) for x~ £ B are not required. The above obser-
1. 1 p—i

vations sugg- ~t the following two part approach to finding all of the

solutions to the ~ 1oba1 qptimization problem which satisfy the con-

straint equation (3.135):

(a) Find all solutions to the constrained optimization

problem (3.l42)— (3.146) .

(b) Produce values of A~~(T) for all X~ C 8
p l  

such that

the necessary conditions (3.l39)— (3V.1.41) are satisfied

and for which all solutions to part (a) are also solu-

tions to the global optimization problem (3.137) or

show that no such values exist.

The above tasks were actually performed in a simple fashion for

the examples of the previous section. Due to the small dimensionality

of the problems we were actually able to determine the globally opti-

• mizing values of the costates by inspection (such as the determination

of X 2 in Example 3.1 , case ( i ) ) .  Of course , this is not true in

general.

In Section 3.3.3.1 we present a method by which the constrained

-- - - .- -V
--
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optimization problem of part (a) may be solved parametrically in time

using linear programming techniques. A geometrical approach to the

solution of part (b) is presented in Section 3.3.3.2. However , in

Section 4.3 we are able to show that for problems involving single

destination networks with all unity weightings in the cost functional

we are always able to produce the set of costates A~~(T) for all

C 6
p~1 

which is required in part (b) for global optimali ty.  In

this case part (b) is therefore unnecessary .

Suppose now that we have managed to solve parts (a) and (b) for

the case at hand and have arr ived at a sequence of switching times and

optima]. control sets on (-~~ , t). If the control encounters q switches

over the interval (-“ , t )  we then denote the switching time set as

T = {I , . ..  , T , t }. (3.151)
p-q p-i p

In this notation the control remains unchan ged from I to minus
p-q

inf in i ty .  In accordance with (3.133) the collection of optimal control

sets is denoted

= 
~~~~~~~~~~ ~~~~~ 

S2p_1L (3.152)

Here the control set is optimal from T
p q  to minus i n f i n i t y .

Note that we have used t to denote the time at which L leaves
p p

the boundary and I , I , . . . ,  I to denote subsequent switch
V p-i p-2 p-q

times which occur as r runs to minus i n f i n i t y .  Although all of the

above are switch times in the general sense , we give t~ the spe cial

V ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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label of boundary junction time since it is forced on by insisting

that L~ leave the boundary at that time.

• Operation 2

The purpose of this operation is to utilize the sets T and ~2

produced as output from Operation 1 to construct feedback regions in
a
R ~ ~~, where the bases vectors are the elements of I = I U L

p-i p p.

Recall that the trajectory is leaving backward in time from a point

x in a subregion .~~
r (L ) of ~~—p p p

Suppose that proceeding backward in time the optimal control

encounters a switch at time I and that the control on (t , tp-i p-1 p

is ~i 
~~~

. Then by a procedure to be specified in Section 3.3.3.4 a
p 

a+p
feedback control region is to be constructed in R ~ p which has

as a wall in 
ap We call this region and associate

with it the optimal control set The construction to be specified

will assure us that is the ~~~~est such region with associated

control set Q
p—i

Notation 3.10: The time I is called a break time of the optimal
p-i

trajectory. If is the state of the optimal trajectory at I
1
,

then is called a break point. Finally , the feec~hack region

so constructed is called a break feedback control region.

Proceeding backward in time , if the control switches at time T
p~2

’ then

the break feedback control region •
~~p-2 

with associated optimal control

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V ~ • V
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set (1 is constructed adjacent to ,~~~~ . We continue in this fashion
p-i

to construct adjacent hr.ak regions. If the control switches q times,

then q break regions are constructed culminating in the final break

region .~9 with associated optimal control set ci .
p-q p-q

From time I to minus infinity the optimal control set does not

experience a break and is ci~~. In terms of the construction of a

feedback --n trol region, this situa tion is to be distinguished from

that of break regions , arid the construction technique is presented in

Section 3.3.3.3. Applying this technique , we obtain a final feedback

control region .~~~~ ,,, adjacent to .:~p_q for wh ich the associated optimal

control set is ci

Notatior. 3.ii: The region ~~~~~~~~ is referred to as a non-break feedback V

control region.

In summary, the sets T and ci are to be uti l ized to construct a
a

total of q+i adjacent feedback control regions in R ~ ~ : q break

regions and one non-break region. This construction is illustrated

in Figure 3.15.

At this point, the reader may be curious to know what the various

regions described may look like. We need only refer back to Example 3.2

to f ind very simple examples of both types of feedback regions. In

Figure 3.12, the portion of the optimal trajectory labelled 2 - - 3 )

corresponds to allowing x1 leave from anywhere on the x
2 

axis ba ckward

in time. Since the control switches at t
f 2 ~ 

it was found that for the

V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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cone bounded by the x
2
-axis and the line x

2
-6x

1 
= 0, not including the

x
2-axis, the optimal control is (3.116). Hence, this cone is a break

feedback control region . Once the control switches at tf_2~ it con-

tinues on to time equals minus infinity without a switch. We then

conclude that this control is optimal anywhere on the cone bounded by

the lines x
2
-6x

1 
0 and x

1
—3x

2 
= 0, not including the former line.

Therefort this cone is a non-break feedback control region. For this

simple example, we were able to show that for any tra jectory of the

type mentioned above , the control always switches on the line

x
2
—6x

1 
= 0. Looking ahead , we shall generalize this notion by defining

a class of tra jector ies for wh ich the control always switches on a

portion of a given hyperplane. These surfaces are the O~+P~ —l dimen-

siona l walls which separate the adjacent feedback control regions

created in Operation 2, and shall be referred to as breakwalls.

In Sections 3.3.3.3 and 3.3.3.4, we shall show that the set

of break wails and the collection of optimal control sets ci are the

parameters whi ch enter into the construction of the feedback control

regions for a given backward optimal trajectory . It is clear that

these parameters are dependent upon the value of the costates at the

point at which L l eaves .~q ,  and therefore dependent upon the point .

In order to accommodate the constructions we now def ine  a subregion as

follows:

Definition 3.8: Suppose the set of state variables in L is designated 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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to leave the feedback control region .~øf backward in time. Then a
p

subregion ~~~~~~ of .~q is the set of all those points in .

~~~~~~ 

which

when taken as the point of departure of L~ result in a common ci and

ccxnmen set of breakwalls.

The problem of determining subregions is confronted in Section

3.3.3.2. However , once again the special case of single destination

networks with all unity weightings in the cost functional provides us

with a simplifying situation . In section 4.3 we are able to prove that

for this iass of problems there is exactly one subregion per region

with respect to any given L , thus eliminating the need to determine

subregions.

(iii) Rule governing the frequency of execution of the step and proof

that the al~orit~~ realizes the constructive dynamic progr amming

concept

Suppose that some feedback control region .~~~~ (break or non-break)
p 

a
has been constructed as in Operation 2. Let 

~~~~~~ 

be a subset of R ~~,

a V

where the coordinate axes of R are the elements of the interior

state variable set I . Furthermore, assume that a < n, that is , .1?

is a feedback region whose dimension is strictly i:ss than the dimen-

sion of the entire state space. Therefore, the set of state variables

V 
B remaining on the boundary is non-empty . We now consider all subsets

of B which are combinations of its elements taken 1, 2,  . . . ,  n—a at
p 

n-a 
p

a time. The total number of such subsets is 2 ~~~~ We then let L
p 

---- ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~
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range over all of the subsets so determined. For each subset we f i r s t

divide .i? into subregions with respect to that set as specified in

Defini t ion 3.8. We then perform the basic two operation step of the

algorithm with the set L leaving from each of its subregions in

Every step performed results in a set of feedback control regions

constructed as part of Operation 2. However, the feedback regions con-

structed .t each step may not be new in that they may have been con-

structed in some previous step. We may therefore be “wr iting over ”

regions. In essence, we are being conservative in insisting that L~
be set equal successively to all possible subsets of but no method

is currently known for the a priori elimination of those subsets which

will produce previously constructed regions .

Let us now view in general terms what the algorithm is doing.

The algorithm is initiated at t
f 
with the first feedback control region

~~~~~~ 

being the origin (which is essentially a degenerate region) . The

set is then composed of all the state variables of the problem. We V

then allow L
f 
to range over all possible 2’~-i combinations of state

variables in Sf; that is , we allow all possible combinations of state

variables to leave the boundary backward in time at tf~ By Corollary

3.2 we know that the values of the costates at t
f 
corresponding to

those state variabies leaving the boundary at t
f 
are zero . We are then

able to solve the constrained optimization problem of this section .

(Operation 1, part  (a) ) on (-j ”, tf
) since all we require are those

costates which correspond to s tate  variables  o f f  of the boundary . For

~

- V V

~

VV — - 
~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~ - - - - - -  ~~~~~~~~~~~~~~~~~~
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those sets of state variables leaving the boundary which are found to

have globally optimal trajectories (Operation 1, part (bi), feedback

control regions are constructed which range all the way from one

dimensional (that is , axes of R’~) to n-dimensional (that is, n-dimen-

sional subsets of Rn). We then use each region of this set as the

starting point for the sequence of steps which builds new higher dimen-

sional regions. This process is continued until all feedback control

regions constructed are n-dimensional.

Let us now pick a point x in a feedback region .

~~~~ 

and follow the

optimal trajectory which takes the state from x to 0. Since 
~~~~ 

is a

feedback control region , there exists some control in ci which is opti- 
V

mal when applied at x. By applying any control in ci which keeps the

state in 
~~~~

, we will eventually intersect the wal l whi ch separates

.~q from some adjacent feedback control region ~~~~~ The trajectory

will then travel in 
~~p+i 

with appropriate control in ci 1, 
until it

strikes the wall separating 
~~~~~ 

from some feedback control region

•
~~p+2~ 

We continue in this fashion until the state works its way

through a sequence of adjacent feedback control regions until it finally

reaches 0.

Proposition 3.2: Execution of the constructive dynamic programming

algorithm will result in the complete specification of the optimal

feedback control .

Proof: The rule governing the execution of the step of the algori thm 
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insures that feedback control regions are constructed for every con-

ceivable type of optimal trajectory in terms of sequences of state

variables on and off boundary arcs. Moreover, we are f inding the

largest such regions since we are solving for all optimal controls

corresponding to each sequence. Therefore, the complete execution of

the algorithm will result in the entire space being filled up with

feedback ~~ntro1 regions . S Proposition 3 .2

3.3 .2 .3  Discussion of the Algorithm

We have spoken in general terms of constructing feedback control

regions and allowing all possible sets of state variables remaining

on the boundary to leave from these regions backward in time . However ,

the reader should not lose sight of the fact that we are employ ing a

specific set of optimal trajectories constructed backward in time to

satisfy the necessary conditions. In this section we take a look at

a typical backward optimal trajectory and enumerate some of the basic

problems involved in the execution of the algorithm . Specifically ,

we establish the notational set t ing in which these problems are to be

attacked in subsequent sections .

Global Optimality

Consider the situation in which we allow the state var iables  in

L~~ 1 to leave the boundary at some boundary junction time t~~ 1. This

situation is illustrated in Figure 3.l~~. We defer the question of how

~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ - - - -VV -
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Figure 3 .16 Globally Opt imizin q Costate Trajectories
for Given State Trajectory
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boundary junct ion times are determined until the discussion under the

heading of “subregions” below. Also , we assume that we are given a

particular value of at t~~~1 from among a potentially non-unique

set A
E,÷l 

of appropriate costates at that time. See Figure 3.16. We

shall specify what we mean by “appropriate” in the discussion under

the heading of “leave-the-boundary costates” below.

We do not know a priori if the situation described above is

optimal. We begin by calculating all optimal solutions on ( -‘k’, t
÷1
)

via the constrained optimization technique of Operation 1, part (a).

This is illustrated for a particular trajectory in Figure 3.16 . Once

this is accomplished, we must satisfy part (b) of Operation 1 by pro-

ducing a legitimate set of costates on (-‘n, t~~1
) for which the solution

on this interval is globally optimal. To be more specific , since A~~ (T )

for x3 
C I are determined exactly by (3.139) for the given 

~~~~~~~ 
the

task is actually to produce a set of costates A~~(I) for x~ c B which :

(i) satisfy the necessary conditions and (ii) together with A~~(i) for

~ I result in a globally optimal solution on (-~~ , t~~1)

We shall now specify all of those values of A~~(I) for  x~ c B
1 1 p

which sa t i s fy  the necessary conditions . At time t~~ 1 
we have assumed

that we are given a specific costate value from among a potentially

non—unique costate set A ; that is , the values of A ? ( t  ) for all
p+l 1 p+l

5 are given, If we designate i to be time running backward from

t~~,1, then equations (3.l40)-(3.l4l) indicate that the maximum value

any A~~(i) may achieve is when we take dg~~(r) = 0. In this case we have 
V

_ _ _ _ _
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A
3 (I) < A~~(t ) + ‘~~ X~~ C S . (3.153)i — i. p+l i. i p

1 

~~~~~~~~~~~~~~~~~~~~~~ 

~~(t ÷1
)

(i fl?’ 0 
‘V~~~ f 

/1 
,-1

/
‘

V
______  VVV t - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ — p V

t tV~~

Figure 3.17 Possible values of A? when

is on boundary arc (x~ 0)

Therefore , as a function of time the value of A~~(1) for x~ C S which

satisf y the necessary conditions are those which fall below A~~(t~~ 1
)

+ rca . This is depicted in Figure 3.17. We are free to pick any of

these values in our attempt to satisfy global optimality on (-0 ,t +1).

Finally, we note that part (b) of Operation 1 requires only that

we produce a single set of costates for which the solution is globally

optimal. However , there may be a non-unique class of such costates

which are legitimate, as indicated in Figure 3.16.

—V __  - - V V V
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Leave-the-boundary costates

If the solutions obtained in Operation 1 are globally optimal,

then we proceed to construct from these solutions a set of feedback

control regions in Operation 2. The details of the constructions are

presented in Sections 3.3.3.3 and 3.3.3.4. Suppose now that we have

completed Operation 2 and that the feedback control regions which have

been conb ructed are .VR~~~~ ‘~
‘p-q ~~p-l ’ ~ 

Here we have

assumed that the control switches q times on (~~~, t~~1
) and that the

switch time set and control set are as in (3.151) and (3 . 152)  respec-

tively. Therefore .~? is constructed from the solution parameters on

[I , t ) ,  ~ is constructed from the solution parameters onp p+l p-i

[I , I ) ~ is constructed from the solution parameters on
p-l p -

~~

I ) .  Recall that .~~ is a non-break feedback control region and
p-q

all of the rest (
~ i6~p_cf ~~~~~~~~ ~~~~~~~~~~~~ 

.~q )  are break feedback control

regions.

Now , the rule governing the frequency of execution of the step

o f the algor ithm calls for us to let all possible combinations of

state variables in 5 to leave backward in time from each of these

regions. As an example , let us restrict attention to the particular

feedback control region .

~~~~ 

and a pa r t i cu la r  set Df state variables

1. C 5 .  Allowing the state variables in L~ to leave backward in time

from some point in ~~ is equivalent to allowing them to leave at

some boundary junction time , where t
1 

falls on the interval

t ). In order to allow the s tat e  variables in L to leave .J~p p+l p
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at t we must perform the following task:

Determine the values of A 1 (t ) for x~ £ 5 whichi p  I. p

allow L to leave the boundary backward in time optimally

for all potential boundary junction times t C ~I , t +i
)

or show that no such values exist which satisfy the

necessary conditions.

These values may be nonunique and will be a subset of the glo-

bally optimizing values as illustrated in Figure 3.18. Now , the

costates so determined constitute A and will serve as initial condi-

tions for the determination of the backward optimal trajectory which

must be solved for the state variables in L leaving from the feedbackp

control region .

~~~~~~~

. We refer to the above task as the determination

of leave-the-boundary costates at t
i,
, where the implication is that

the costates are such that they allow the states in I. to leave the
p

boundary optimally at ti,.

Subregions

The required division of ,~q into subregions with respect to

is equivalent to dividing [I, t~,41) into a set of time subintervals.

Over each subinterval , the subsequent optimal control sets and break-

walls on (-w , t )  corresponding to the state variables in L leaving

the boundary are the same for any point on the subinterval , by Defini-

tion 3,8. The values of A~~(t ) for x~ c B are drawn from the leave-
‘p  1. p

- - ---V
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Figure 3.18 State-Costate Trajectory Pair Illustrating
Global Optirnality, Leave-the-Boundary Costates
and Subregions
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the-boundary set A discussed above. Since A may be infinite, we must

somehow reduce to a finite number those values which must be considered

in this fashion. This problem is discussed in Section 3.3.4.2 . In

Section 3.3.4.3 we discuss the issues involved in performing the sub-

division for a particular A s A . The time subdivision which we seek
—p p

is illustrated conceptually in Figure 3.18, which is an enlarged pic-

ture of the ~terval [I , t ) .  In this case there are s subintervals
p p-fl

corresponding to S subregions with respect to L . We use the symbols

T~~, I~~, . . ,  I’
~~~ to designate the extremities of the subintervals on

(I , t ) ,  with the exception of I and t . The subintervalp p-fl p p-fl

(I~~J t~~,1) corresponds to the subregion ~3?
1 (L), the subinterval

[T~~T~) to the subregion .i?2 ( L ) ,  ..., until finally the subinterval

[I , h ’
i

) corresponds to the subregion .~R ( L ) .

We clearly have many questions to answer in order to be in a posi-

tion to perform the algorithm. The basic procedures are confronted in

Section 3.3.3 and complicating features are discussed in Section 3.3.4.

3.3.3 Basic Procedures of the Algorithm

3.3.3,1 Solution of Constrained Optimization Problem

The f irst task of Operation 1 is the solution of the constrained

optimization problem (3.l42)-(3.i46) pointwise in time on the interval

I i (~~~0~~, t ). We begin by expressing the program in terms of the

underlying decision variables , which are the controls , and also by

integrating (3.146) backward in time:

I. ~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~
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= ARG MIN ~ A~ (b) (b? u (r) + a~ J (3.154)
u(I)CLI xJeI 

1 ~1 1

— 1 p-1

subject to

b~ u(t) < —a~ ~~ x~ £ L (3.155)
3- 1 p

b~ u(I) = —a? ~~- x~ £ 5 (3.156)
1 1 p-l

X~ (-r ) A~~(t ) + tc~ Y~x~ c 1 (3.157)
1 1 p 1 i p—i

T C (— ~~, 
t

where I is time measured backward from t and b? represents the row of
p —1

B corresponding to x~ . We re—write (3 .l54)- (3.l57) by first recog-

nizing that a~ in (3.154) is a constant additive term which does not

affect the minimization and also be substituting (3.157) into (3.154)

to obtain

u*(I) = AHG MIN + bC
1
)B U(b ) (3.158)

u(I)CU’

where

D u(I) < C  (3.l59a) I

V

u(I) > 0 (3.159b)

b?u (o”) < —a~ Y~ x~ C L (3.l59c) V

—1~~ — 1 ~. p

b~ u ( T )  = -a? ~ x~ C ~ (3.159d)
1 1 p—I

and

= 

~~~~~ 
X~~(O)b~ (3.160)

1 p-i

_ _  - ~~~~~~~~~~~•
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~~ 
= 

~~~~~ 
z
~!?.~ 

(3.161)

i p-l

I C (0, ~°),

Here we have simply set t = 0. Equations (3.i58)-(3.l61) represent

the final form of the program with which we shall be dealing. This

program diff’~rs from the global minimization in that we have the addi-

tional constraints (3.159c) and (3.l59d) . Hence, the solution set

specified by the control law (3.4l)-(3,43) is too large for our purpose.

Unfortunately , the additional constraints preclude the solution of the

program directly as a function of the costates as in (3.41)—(3.43) .

However, since for fixed I (3.l58)—(3.l6l ) is a linear program,

the Simplex technique may be applied to find a solution. Moreover, the

cost function of (3.158) is a linear function of the single independent

parameter T, while the constraints are not a function of I since ~ is

constant. This is precisely the form which can be accommodated by

parametric linear programming with respect to the cost coefficients.

The solution proceeds as follows :

Set I = 6, where 6 is some small positive number which serves to

perturb all costate values by cL~6. We wish to start our solution at

time t -ó since we may have A 1 (t ) = 0 for some x~ C B , so that the
p i p  1. p-i

solution exactly at t may not correspond to 
4 

leaving the boundary.

A lso , constraint (3 .159c is active at this point to insure that the

state boundaries x~ > 0, C 1. , are not violated just after t (in
1 —  i p p 

----~~~~~~~~~ - V _-- -V
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backward time). The number 6 must be such that 0 < 6 < I 1’ where

I is the first break time to be encountered backward in time.p-l

We now use the Simplex technique to solve the program at T = 6.

There are many linear programming computer packages which may be en-

listed for this task which utilize eff icient algorithmic forms of the

Simplex technique to arrive at a single optimal extremum solution.

Given th~ ~ starting solution which we call u 1, most packages are

also equipped to employ parametric linear programming to find the value

of I for which the current solution ceases to be optimal as well as a

new optimal solution . These are the break time and the optimal

control u respectively. We continue in this fashion to find con-
—p— 2

trols and break times until the solution remains the same for I arbi-

trarily large. This final solution is the control u.~~,.

The linearity of the pointwise minimization associated with the

necessary conditions has enabled us to find a sequence of optimal V

controls on the time interval (-‘~~, t ) by the efficient technique of

parametric linear programming. However, in the description of Opera-

tion 1 in Section 3.3.2.2 we call for all optimal solutions on every

time segment. Since we are dealing with a linear program, the speci-

fication of all optimal solutions is equivalent to the specification

of all optimal extremuin of the solution set. Unfortunately, it turns

out that the problem of finding all the optimal extremum solutions to

a li near program is an extremely difficult one. In Appendix A we show

that given an initial optimal extremuxrt solution this problem is equiva-

_ _  _ _ _ _
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lent to finding all the vertices of a convex polyhedral set defined by

a system of linear equality and inequality constraints. Discussion of

this problem has appeared intermittently in the linear programming

literature since the early 1950’s, where several algorithms based upon

different approaches have ~. een presented. See for example Balinski

[1961] and Mattheiss (1973). However, none of these methods has proven

I’ 
computationaLy efficient for a reasonably large variety of problems.

The fundamental difficulty which appears to foil many algorithms, no

matter what their underlying approach, is degeneracy in the original

linear program. As our problem is characterized by a high degree of

degeneracy , one would expect poor performance from any of these

algorithms.

In Appendix A we describe an algorithm developed by Bloom (1976]

in conjunction with this research for the solution of the problem of

finding all of the extremuin solutions of a linear program. It is

based upon an algorithm of Chernikova [1965] which finds the extreme

rays of a convex cone defined by linear equality and inequality con- V

straints. By a simple transformation, this algorithm can be adapted

to find the vertices of a convex polyhedral set, which is the problem 
j

to be solved. Limited experience with the application of the algorithm

indicates that the amount of computation and storage involved may be

excessive. These problems are magnified by the extreme numerical sen-

sitivity of the algorithm. 
V

It appears at this time that the development of an efficient 
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algorithm for the solution of this problem is contingent upon the dis-

covery of methods for resolving degeneracy in linear programs. As

degeneracy is a fundamental nuisance in most linear programming pro-

cedures, this problem is the subject of much ongoing research.

At any rate , assuming that all optimal extremum may be found for

every time segment , the output of this procedure consists of the break

time set 3 . l5l)  and the collection of optimal control sets (3.152).

Note that ~1 is now considered to be the set of all optimal extremum
p

solutions to the constrained linear program on T C [t, t
1
). In

Sections 3.3.3.3 and 3.3.3.4 the requirement that we find all optimal

extremum is jus t i f ied .

3.3.3.2 Determination of Leave-the—Boundary Costates,

Subregions and Global Optimality

In this section we introduce a geometrical notion which serves

as a setting for understanding and evaluating various issues of the

algorithm which were identified in Sections 3.3.2.2 and 3.3.2.3.

Preliminaries

We begin by considering the basic linear program (3.37) of the

necessary condit ions to be solved pointwise in time. The elements of

the rn—dimensional control vector u(I) comprise the underlying set of

decision variables in R
m
. However , since the cost functional

A
T
(I)x(T) is explicitly Linear in x, it is quite natural to view the

act ivi ty of the l inear program in the space R n wi th  the decision

_  _  - ~~V_~~~ V~~~~V -VV__ -V~~~~ V V ~~~ VV VV_~~~~ - V~~~~~~~~~~~~~
VV_ V V

~~~~~~~~~~~~~~~~~~~~~~~~~~~
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vector x. We begin by denoting

~~(T) — c ( T )  = —! u(b) — a (3. 162)

where the negative sign has been introduced solely for the convenience

of discussion .

Definition 3.9: We denote by

~ e R’~fV ~ = -B U - a and u C U } C (3.163)

the set of negative feasible flows attainable through the admissible

controls in the presence of constant inputs a. We shall refer to .~9

as the i—constraint figure.

Note that the only difference between -~~‘ as defined above and.J

as defined in (3.44) is that the former accounts for the inputs a;

therefore, .~i is obtained from .~ through simple translation by the

vector a. As such , /j is also a bounded convex polyhedron in Rn. We

may now state the representation of the pointwise linear program (3.37)

as it appears in

= ARG MAX [A T( ) () l  (3.164)

I C [t 0 , t
f

]~

Note tha t  the maximum has been taken in (3 .164 ) as opposed to 
V

the minimum in (3.37) due to the introduction of the negative sign in

V 

( 3 . 1 6 2 ) .  The solution £* ( r )  to (3 . 164)  represents the negative of the

~~~~~~~~~~~~~~ -VV_ -~~~ -V -V— - - - - - -_ - -- ~~~~~ V - V  V V ~~_~~-V~ -V----
V-
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optimal. state rate c*( I) = B u*(I) + a at every point in time. How-

ever, we shall not be interested in solving (3.164) directly since in

general we do not have an explicit set of linear constraints which

comprise .~#. Instead, we shall be interested in the underly ing pro-

perties of the linear program as it is expressed in (3.164) .

If we consider time to be fixed and express z = ~~~ as the objec—

tive func~~ion of (3.164), then the geometrical characterization of

linear programs calls for the equation z = ~
T
1 to be visualized as an

n-l dimensional hyperplane in R n . For a fixed value of A , varying

the value of z causes the hyperplane z ~
T
1 to translate parallel

to the hyperplane AT
~ = 0. The optimal solution (solutions) is

achieved for z~ = ~~~ tangent to the constant set ;~J, The solution

set consists of all the points of tangency , and may range from a single

vertex of ~/ to an n-i dimensional face of ;‘I.

The geometrical interpretation is depicted in Figure 3.19 .

The linear program (3 .164) is the ~,—space version of the global

optimization ( 3 . 3 7 ) . However , in part (a) of Operation 1 of the

algorithm we are dealing with the constrained optimization problem.

We now proceed to express this problem as it appears in i-space. First 
V

the notation :

Notation 3.12

z ( t )  = X~~LT)y~ (3.165)
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R
n 

solution set

increasing z 

\\
\

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.

~~~~~ 

=

= zl
T

0

Figure 3 . L Y  Geometrical In terpreta t ion of Pointwise
Linear Program in i-space

is the restricted Hamiltonian at time I. Geometrically , it is the

o - l dimensional restricted Hamiltonian hyperplane at time I. We denote

this hyperplane as 8 (1) .

Notation 3.13

~ C R~~ I~ L ;~, and y
~ 

= 0 “ 4 C 5 1  C R~~ (3.166)

is the a dimensional restricted i—constraint figure.

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V_V_V ~~~~~~~ ~~~~~VVVVV ~~~~~~~~~~~~~~~~~~~~ V V_ V :V
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The constrained optimization problem in y~—space is

= ARt3 MAX z(r) (3.167)

I £ (— ~~, t ) .
p

The solution to (3.167) is piecewise constant on time segments identical

to those for the underlying u-space problem. We therefore use similar

notation for specifying the solutions.

Notation 3.14

y a solution to (3.167) on (I , I ) ,  referred to
—p p p+l

as a a -dimensional operating point

y the set of all solutions to (3.167) on (I , I ). (3.168)
p p p+i

y 
~ . . .,  ~~~~~ Y f_ 1} is the sequence of the

solution sets to (3.167) on (— ~~, t).

We now demonstrate the above concepts with the aid of a familiar

example.

V 
Example 3.3

Take the network and cost functional of Example 3.1. Then the

global constraint figure is

= {y
1
,y
2!y 1 

= u
13
+U

12-u21 , 
~2 

= (3.169)

O<u 12<0 . 5 , O<u 21< O . 5 , 0<u 13<l . O , 0<u 23<l .0 } .
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This is illustrated in Figure 3.20.

We now follow on Figure 3.20 the steps of the algorithm associated

with situation (1) of Example 3.2. First, we let L
f 

= {x
1

}, that is ,

x1 leaves the boundary at tf. The sought after solution must have

negative and x2 = 0. This corresponds to the constrained maximization

= A~~ MAX A
1

(t)y (I)

~~T) c 
~ f— 1 

1

(3.170)

I £ [t
f 1 ? t f

]

where

~ f-1 = (y
1

,y
21y 2 

= 0 , y 1 
= u

13
+U
12
-u21

0< u12<0.5 , O< u21<0 .5, 0< u13<1.0} . (3, 17~~

V 

The one dimensional restricted constraint figure 
~
‘f ~ 

is illus trated

by the heavy line in Figure 3.20, along with the restricted Hamiltonian

H f i
(T) : z ( T )  = A

1
(T) y1. Clearly ,  the maximum of H f_ 1 over 

~
‘f ~ 

is

achieved at the one dimensional operating point 
~~~ l = ( 1.5 , 0) T

• This

point is globally maximizing if and onl y if A 2 (r )  = 0. The solution

point 
~~~~ 

corresponds to the control (3 .93)  and allows us to specify

V the feedback control on the x1— axis as in Figure 3.9.

Next, we set L
f 1  = {x

2}, that is, allow x2 to leave the boundary

backward in time at tf 1. Since all states are now in the interior,

the maximization is global:

= A}~ ~.t7sj( [A
1

( T) y
1
(T)+X

2
( T)y

2
(T) ) (3.172)

X~
(r)L “f — 2 ”

-V
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= 
~~f-2 

~~f-2

- ~~‘ ~ 

0. 5 1 ~O 1. 5

-0.5

*f_ l  X f — l

F L q u r ~ 3 .20 G eo zn e t r : V  ~1 Interpretation Appliod
Lo Problem of Fxamp le 3. 3

_ _  
_ _ _ _ _ _
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I C [t f 2 f tf_1).

The two dimensional global constraint figure 
~
1If 2 = ~ is illus trated

in Figure 3.20, along with the global Hamiltonian H f_ 2 (T)  : z ( T)  =

A1
(T) y1 + A 2

(I)y
2. Since the costate behavior as specified in (3.96)

and (3.97) implies A
1

(-r ) > X 2 (I) , the two dimensional operating point

~~~ = (1.5 , Ø5)
T 

This point corresponds to the control (3.98).

This is easL.y seen from Figure 3.20.  As time proceeds backward , the

relative values of the costates cause the Hamiltonian Hf 2  to rotate

in the direction indicated by the arrow . As time approaches minus

infini ty, Hf_2 approaches the face of ~ which lies on the line

= 2.0.  Therefore , there is no break point in the control as time

approaches minus infinity . Finally , 
~.f—2 

is used to construct the

shaded non-break feedback region of Figure 3.9. •Exampie 3.3

Geometrical Interpretation

The observations of the preceding examples suggest the following

geometrical interpretation of the backward constructive algorithm pre- 
V

sented in Section 3 .3: Suppose the set of state variables in

leaves the boundary backward in time at t~~1 resulting in the set of

state variables 1 on interior arcs. Then the constrained optimization
p 

0
problem of Operation 1, part (a), takes place in R ~~, where the basis

vectors of R ~ are the elements of I . The constraint set isp
a

= fl R p (3.173)

V _V  V - V -- — V —_  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V-—V V V ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ =~~~~~~~S
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where ~y is the global constraint set in Rn defined by (3.163). The

objective function is represented by the 0-i dimensional restricted

Hamiltonian hyperplane in R ~~:

H (T) :z ( t) = ~ A i (Vfl y J (3 .174)
p x~ ClI - p

I C (_Q~~, t ÷1).

The initial solution set Y of the linear program consists of all points

of tangency between -.~i and H ( I )  on I C [I , I ). This solution setp p p p+l

consists of one or more extreme points of ;‘~# and all  the points which

are convex combinations of the extreme points . Each such point is a

0 -dimensional operating point. Note , however, that an extreme point

of // is not necessarily an extreme point of •.~i (e.g. , in

Figure 3. 20 is an extreme point of 
~~ 1. but only a boundary point of

~~ 
) ,  Now , as time runs backward toward minus infinity, the costates

evolve according to (3.157) in general causing the orientation of the

hyperplane H~~(r )  to change with respect to 4 .  If H~~(i) moves a

su f f i c i en t  amount , then the surface of tangency with .~i may change .

This occurrence defines the break time I and the solution set will
p

change to the new points of tangency . This wi l l  continue until some

solution set persists to time equals minus infinity . This version of

the constrained optimization problem, which represents part (a) of

Operation 1 of the algorithm , is illustrated in Figure 3.21. For

the purpose of this discussion, let us now assume that the solutions
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/1~~~

...i~— L _ -—— yp

/ R~~~ I )‘

U (r) , t ~ ( — ~ -~ , t )p p+1

Fj ~~~re 3.21 Geometrical Interpretation in i-space
01 Oper at ion 1, j~~rt (a ) .

~ 
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obtained satisfy part (b) of Operation 1, that is , they are globally

optimal.

Suppose that we now let the set of state variables leave the

boundary some time on the interval [I~~ t
~+1) at boundary junction

time t~ . Then the constrained optimization problem takes place in
a +p
P ~ ~~, where the basis vectors are the coordinates of 7 = I U Lp-l p p

The constraint set is now 
V

a -f- p
= .‘, (~ P ~ P. (3.175 )p—i

The objective function is represented by the a +p -l dimensional re-

a +p
stricted Hainiltonian hyperplane in R P P:

H
p i

(T)  :z ( T )  = ~~~ A~~(T)y~ (3.176) V

xkl1 p-i

I £ (-‘
~~~ , t

v
) .

Once again, solutions to the linear program consist of all points

of tangency of H i
(I)  with ~~~~~~~ See Figure 3.22. These solutions

consist of one or more extreme points of •
~p~ 1 

and all the points which

are convex combinations of these extreme points. These points are

a +p dimension operating points of 
~
/p 1~ 

We repeat for emphasis that

they are not necessarily extreme points of 4. As we let time run to V

minus i n f in i ty ,  H 1(T )  rotates and picks up new solution sets until

finally one persists to minus infinity . For the moment we continue to

assume that all constrained solutions obtained are also globally

optimal.

- - — V~V~~~~~~~~~ V V V  
_____ ——-j- - -~~-— - - —  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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p V

R ~ (Lp

0 +p
R~~ 

P(j  ):
p-1

/ ~ /V~~P 1

—

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

T t ( ~~~~ t~~)

-~ / 
,~~~~~

‘ F 3

~ 
//////floor is ;~1 / a /p / p /
/

R ( I ) /
/ p ,

Figure 3.22 Geometrical Interpretation of Minimization
in i-space when s tate  var iables  in L leave
the boundary at t . 

p
p

V ~V~~V_~~ - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - _ V
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We have now described in geometrical terms the nature of suc-

ceeding constrained optimization steps of the algorithm. In summary,

as we allow state variables to leave the boundary backward in time, we

continually enlarge the space of free decision variables by releasing

constraints of the form 4 = 0. As the constraint figure grows in

dimension , so also does the associated Haxniltonian hyperplane. When

all the s-i te variables have finally left the boundary backward in

time, the constraint figure is the n-dimensional figure ;~i and the

Hainiltonian is represented by ~n n-i dimensional hyperplane.

The geometrical interpretation introduced above shall now be

applied to discuss in detail the bas ic issues presented in Section

3.3.2.3 (global optimality, leave-the—boundary costates, subregions).

We begin by establishing some definitions and a theorem which charac-

terize an important geometrical relationship between successive con-

straimed optimization problems.

Geometrical Relationship between Successive Constrained V

Optimization Problems

Suppose we have a set of state variables 1 on interior arcs and

tha t the set of a~ _dimensionai operating points is Y .  At some V

boundary junction time t C [i , I ) we wish to allow the set ofp p p+i

state variables in the set L to leave the boundary backward in time ,

where L~~C 5~~. Consider now the relationship between the dimensional

constrained optimization problem at t~ and the a +p dimensional con-p p p

V V V ~ VV ~_V -V _~V- _ _~V ~~ — -~~-~~~_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~. ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -
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strained optimization problem at t .  We begin by noting that equations

(3.173) and (3.175) together imply

= 
~ p-l ~ 

P (3.177)

Therefore, all boundary points of are also boundary points of 
~
‘1p~l

’

In particular , extreme points of ~i are boundary points of

Definition 3. i: Consider the set of operating points V C ~i . Let V

be the P~, dimensional space whose basis vectoz’s are the elements

of L . hen we call any face ot which contains the set Y andp 
_
p-l 

p
contains at least one point in the positive orthant of R ~ an

L~ —positive face.

V 

Most central to this definition is that by (3.162) any point in

the positive orthant of ~~~ has strictly negative for all x~ c L

(recall that this is in the prese,~ce of inputs a). Since we intend for

the state variables x~ e L to leave tI~e boundary backward in time , then

we require x~ strictly negative (in forward time) . To illus trate the V

notion of Definition 3.9, we refer to Figure 3.22 as an example. In

th is case, the L —positive faces of •
~
‘p~l 

with respect to are those

labelled F1, F2 and F 3 in the figure .

The major result of this section is contained in the following

theorem. Here we provide the link between the a~,-.l dimensional Harnil-

tonian hyperplane H (t~ ) and the o~ +p -l dimensional hyperplane

H~ _1 (tn
) which has the state variables in L~ leaving the boundary back-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~
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ward in time at t
p

Theorem 3.5

Suppose at time t the current set of operating points is Y C ;~.1

for the restricted Hamiltonian H (t ) .  Let L be the set of statep p  p

variables to leave the boundary at t .  Then any (possibly restricted)

Hamiltonian H Ct ) which allows L to leave the boundary at t isp-l p p p

such that:

(a) H (t ) = H (t  fl R~~p p p-i p

(b) H Ct ) contains a L -positive face of ~‘ip-i p p p-1

p

where R ~ is as defined in Definition 3.9.

Proof:

(a) The restricted Hamil tonian hyperplane H at the time j ust

prior to the departure of L is

H (t ~ ) : z( t ~~) = ~~~ A~~(t~ )y~ . (3.178)p p p 
x~ EI I- p 1

i p

The (possibl y restricted) Haxnil tonian hyperplane H 1 at the time just

following the departure of L~ has the form :

H ( t ) : z ( t ) = 
~~~~ A~~(t )y~ + .~~~~ A~~(t )y ~~. ( 3 . 179)p—1 p p 

x 1
~~I 

1 p 1 
x~ cL 

I- ~ 
1

V 1 p ‘p

V Now , H ( t + ) contains all  points  in Y .  Also , since we are assuming

is such that the state variables in L leave the boundary , there

____ _____ - -V ~~~~~~~~~~~~~~ V
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must be at least one point C for which 4 > 0 for all

x~ C L .  That is , the slope in forward time associated with 4 C V

must be strictly negative in order that 4 leave the boundary backward
in time. If we now evaluate H~~(t) at any point £ and Hp_j(t;

)

at the point C Y
1
, necessary condition (3.14), wh ich stipulates

continuity of the Hainiltonian everywhere , gives

z(t+) = z(t ) z(t ) . (3.180)p p p

Furthermore, we have that 
V

A~~(t~) = X~~( t )  = X~ (t ) ‘~ - C 1 (3.181) —

i p  I- p I - p  1 p

by equation ( 3 . 3 2 ) . By virtue of (3 .180) and (3.181) we may write the

Hamiltonians as

H(t):z(t ) = A~~(t )y~ (3. 182)

H (t ) : z ( t  ) = .~~~~~ A~~( t )y ~ + E A~~( t ) y ~~. (3 . 183)
p i p p 

X~CI 
I- 

~ I- 
X~ CL 

I- I-

‘ p  i p

We conclude immediately from (3.182) and (3.183) that H (t ) =
p p  

V

H (y)fl R .p-i p

(b) From part (a) we see that H Ct ) contains H (t ) and
p-i p p p V

therefore contains y . Also, ii (t ) contains at least one pointp p-i p

Y in the positive orthant of ~~~~ Therefore , H ft ) must contain—p-i p-i p

the L -positive face which contains both Y and 
~~~~~~~~~~~ 

• Theorem 3.5

- - ~~~~~~~~~~ V
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We are now prepared to discuss the issues of the algorithm pre-

sented in Section 3.3.2.3.

Global Optimality

The determination of global optimality is the bas ic task of

part (b) of Operation 1 of the algorithm. For this discussion let us

assume that is a 0 -dimensional operating point which maximizes the

restricted Hamiltonian H over the restricted constraint figure 4p p

We have fixed time here. The relevant question is:

Do there exist legimate values of for x~ C B

such that H is maximized over 4 at ~~~~, where H is th:

n-i dimensional global Hamil tonian?

By the basic geometrical property of linear programs , maximizes H

over 9 if and only if H is tangent to 4 at 
~~~~~

. Therefore , the values

of for x~ c B which we seek are those which rotate I-! about H until
1. 1 p p

H becomes tangent to 
~j  at ~~~~~~. This is illus trated for a simple situa-

tion in Figure 3.23.

In Section 3 .3 .4 . 1 we present a simp le example of a constrained V

optimum that is not globally optimal .

Leave-the—boundary costates

The problem here is to

Determine the values of A~~(t) for all x~ ~ . L such
1 

~~
- I p

--V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -—- -- ~~~~~~~~~~~~~~~~~~~~~~~~ - -
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that when maximizing H~~1 (t~ ) the solution results in

the set of state variables in L leaving the boundary

backward in time .

Now , statement (a) of Theorem 3.5 says that we essentially want

to rotate H (t ) around H (t ) by varying -\~~(t) for x~ £ L until
p-i p p p  i p ~ p

H (t ) touches .4’ on an L -positive face . Note that this rotation
p-I- p p-i p

is performed while holding time at t , and is to be distinguished from

the rotatjc~n of the Hamiltonian which result~ from the costates

evolving backward in time . See Figure 3.24.

If there are no legitimate values of the leave-the—boundary

cc~ tates w l i ~~h allow H (t ) to reach an L —positive face, then
p-i p p

clearly it is non—optimal for the state variables in L to leave the

boundary at C .  Furthermore , if there is more than one L -positive

face to which u ( t  ) may be rotated , then the set of all values of
p-i p

the leave—the-boundary costates will be infinitely non-unique. See

Section ~.3.4.2 for an example of this behavior.

Subregions

The problem of determining subregions is a very difficult one .

V In order to divide the feedback control region •

~~~~ 

into subregions with

respect to L ,  it is necessary to answer the following question:

What are the collection of optimal control sets

U = {U _~~, ~ 
S1p_2 i Up_1 } and set of breakwaiis asso—
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V~ ciated with the state variables in L leaving the boundary

backward in time at the potential boundary junction time t~,

for all t £ [I , t )?p p p+l

Note that the determination of U is equivalent to the determina-

tion y {y~~ , • . .,  y~~ 2~ 
i~~~ }. To get some idea of what is involved

here , let us consider the simple case in which we assume that the

control does not break as time runs to minus infinity . In this case

U = { U } , y = { y }  and there are no breakwalls with which to be

concerned. The problem then is to determine the solution set

associated with the state variables in L leaving the boundary backward

in time at the potential  boundary junction time t for all

t C (I , t ÷1). Let us presently fix t .  Clearly , Y~~ will then con-

sist of points which lie on L -positive faces to which H
1
(t) may

be rotated (around H (t )). In order to determine exactly which points

of these L -positive faces are in Y e,, , H 1 must be rotated slightly

fur ther by perturbing time backward and solving the constrained opti-

mization problem. In the circumstance that there exists more than a

single L
w
-positive face to which H

1
(t) may be rotated , this pro-

cedure must be performed for all such faces in order to determine the

total composition of Y~~ . We therefore must ‘probe ahead” backward

in time in order to examine the ensuing optimal solution Y r,. Further-

more , this must be done for all t u Li , t ).
p p p+i

This is undoubtedly a difficult problem , and does not even take

-V -V - - - ---V -V - V - V  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V _ - - - - - -V- -

-

_ _ _ _ _



- V V ~~~~~VV. V

— 168-

into consideration the general situation in which the control encounters

breaks. In that case, we must probe ahead to look at the entire subse-

quent trajectory on (-~°, t~ ) for every t C [T , t +i)~ 
Although no

technique is known for solving this problem in general, it is solved

for a simple three dimensional problem in Section 3.3.4.3.

We have now provided a geometrical interpretation of the three

basic problems associated with the algorithm. Unfortunately, we do not

know any way in which to apply the suggested techniques in general .

However, in Sertion 4•3 we utilize the geometri :ul .VJjproach to prove

several simplifications which permi t a straightforward computational

scheme. The special case involves single destination networks with

all unity weightings in the cost functional . The simplifications are :

V 

( i)  Every constrained solution is also globally optimal.

(ii) The set of leave-the-boundary costates is unique;

V that is, there is a unique L -positive face which can

be reached by H 1( t ) .  In this case , it is possible to

devise a computational technique for the determination

of the values of the leave-the-boundary costates .

(i i i)  There is only one subregion per region.

3.3.3.3 Construction of Non-Break Feedback Control Regions

In this section we specify the construction of feedback control

rey~ .-ns of the type 
~~~~~~~~ 

with  associated control set U
~~~V,-V

. In s}oci l IC ,

we assume that the set of state variables in L are leaving either a
p

_ _ _  _
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subregion •~~~~~( L )  of some region .~q or the breakwall of a final break

feedback control region ~+fp~q• The set of optimal controls with which

the state variables in L leave persists without a switch until time

equals minus infinity , and is there fore denoted

In Corollary 3.3 we showed that all feedback control regions are

convex polyhedral cones. It can be shown without much difficulty that

this chav~cterization also applies to both subregions and breakwalls.

Also, by Definition 3.8 we are assured that the state variables in L~
leave backward in time from any point in a given subregion or break -

wall with the same set of optimal controls U~~ . There is consequently

no need to differentiate between the situation where the state variables

in L leave backward in time from either a subregion or a breakwall.
p

We therefore introduce the following simplif ying notation :

Notation 3.15: Both subregions and breakwalls of •~q are referred

to as previous reg ions, denoted .

~~~~~~~

, when the intent is to allow the

state variables in L to leave from them backward in time.p

Recall that Y is the i-space solution set corresponding to

Since Y~~, is the solution set to a linear program, it is completely

described by its extreme points.

i~~fj nj t i o n  3.10: For every extreme point of Y~~~, form the ray in
0

R ~ ‘ p which originates at the origin and passes through that extreme

point. If there are w extreme points , the set of rays is denoted 

-- . V . - - . 
- - . -
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= {v
1
, v2

, . . . ,  v}.

This definition is illustrated in Figure 3.25.

V
1 

V
3

‘5 1-p
R P P(~~) : V

4

//7/// 

.
.
. V

/~~~~
/

~~~~~~~~~~~~~~~~ 

V
c

/

1~

i t C  3 .2  - 1~~ke seL ut ray~ V

The rays of Definition 3.10 have a very special significance. Consider

V the ray v which corresponds to the extreme point ~~ C Y .  In turn , ~

corresponds to some optimal control u C via

= -x —B U - a. (3.1n4)

Therefore , for  any interval of t ime At between switch times we have

-V -V — --- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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= — (3.185)

where t~x represents the direction of travel in forward time of the state

under the influence of the optimal control u in the presence of inputs

a. Therefore, (3.185) tells us that ~ represents the corresponding

optimal direction in x~-space in which to leave the previous region .)9~,.

By definition 3.10, v is colinear with 
~~~
. Therefore, if we consider v

to reside in x—space, it is parallel to the optimal direction of travel

of the state. See Figure 3.26.

~ x(t -~ t)
— p

/

i. .h In t, i iVretation of  t - ~
- ray ‘~

_  -V
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Note that any optimal direction for leaving ,
~~~ 

is expressible

as a convex combination of members of V~~, and any convex combination

of members of V _,~,, is an optimal direction for leaving 
~~ 

V

We now denote by CoY! ) the convex hull of all the points in the

set 1. The following is the basic constructive theorem for non-break

feedback control regions.

Theorem 3.6 Construction of non-break feedback control regions)

Suppose U~~, is the set of controls with which the state variables

in 1. le -~ ’e .1? . Thenp p

= Co( .~~~~j  V~~ )/~~ (3.186)

is the non-break feedback control region with associated control set 
V

U in the vein of De finition 3.6 .

Proo f: We must show that items Ci), ( i i)  and (ii i ) of Definition 3.6

apply to .~q ,0 and U_~ . The situation is depicted in Figure 3.27. 
V

Items C i )  and (ii) follow from the fact that .~~~
‘ is itself a feedback

control region.

To prove item (iii) consider any point x C .

~~~~~~~

. Translate each

ray in V by plac ing its origin at x and call the translated set

V 1 = {v~ 1 v~ , . . .,  v’}. Next form the conical r e g i o nA (x )  =

C o ( X U V ’  )/x .  See Figure 3.27. If C ‘i(x) , then there exists V

a

direction which is some convex combination of the members of V’ which-‘~)

takes x1 op t ima l ly  to x. Hence , for any x1 c f l ( x ) there exists a
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U C U which takes x1 optimally to x. Now, ~~~~~~~~~ ~o({/t(x) ~ 
C aq })

since the smalles t convex set containing ~k(x) ~ c ~~~ is clearly

.~~~~~~~~~. Therefore, for any x1 C .~,f there ex ists some direction which

is a convex combination of members of V~~ which carries 
~~ 

to some

point x C .~i’ . This is equivalent to saying that for any 
~.l C

there exists a u C such that x = B U + a carries to some point

x C .~~~~— p

Now , let us select some x
1 

C .~R and apply any control C

for any period I Lime At which keeps the resulting state 
~-2 

in ~~~~~~~

Then by ne above argument there exists some control 
~-2 

C which

takes to scene point x3 
C ,

~~~~~
. See Figure 3 .27 .  Now, the control

is clearly optimal since by hypothesis any u C U~ ,, is optimal to move

the state off of .

~~~~~~

. Finally, U
1 
is optimal since the trajectory seg-

ment 
~2 

~ ~~ 
is part cf the trajectory x3 

-‘- !2 ~ which leaves from

We have therefore showed that item (iii) of Definition 3.6 is
p

satisfied. • Theorem 3.6

As .)? is a convex polyhedral cone , the convex hull construction

of Theorem 3.6 results in the convex polyhedral cone ~~~~~~~~~~ This is in

agreement with Corollary 3.3. In brief , the construction of non-break

feedback regions proceeds as follows:

( 1) Begin with non—break control solution set U corresponding to

the state variables in leaving the previous region .

~~~ 

C

backward in time.

V - V  ~~~~~~~~~~~~~~ _______ ___
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(2) Find the image Y~~ of U~~ under the mapping (3.162).

(3) Form the set of rays V~~ from the extreme points of Y~~~.
o +p

(4) Form the conical region in R ~

= Co(& U ~~~~~~~~~~

The reader may verify that all of the constructions performed in

Example 3.1 are elementary applications of Theorem 3.6. In Appendix B ,

non-break feedback regions are constructed for a three dimensional

example.

3.3.3.4 Construction of Break Feedback Control Regions

In this section we speci f y  the construction of a feedback control

region asso ciated with a control se t which applies on the interval

[T 1, T
n
). To be more specif ic, we assume that the state variables in

L are leaving backward in time from either a subregion ~~~~~ ) of somep p p

feedback control reg ion .

~~~~ 

or the breakwall of a previously constructed

break feedback region. In either case, we invoke the convention of

Section 3.3.3.3 and say that the state variables in L are leaving back-

ward in time from the previous region .

~~~~~~~

. Our goal is to construct the

break feedback region .~~~~ associated with the control set U
p-l p-1

The approach d i f f e r s  from that for non-break feedback regions

principally in the definition of the set of rays. We now wish each ray

to represent an edge of the breakwall of 
~~

‘p-l To f ind  such rays , we

reason that each edge of the breakwall serves as the break surface of

_ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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a trajectory emanating from some edge of 
~~~~~~~

. Add itiona lly,  this tra- 
V

jectory will correspond to an extreme point of Y~~ 1, although there is

no way of determining a priori the appropriate one . We therefore define

the set of rays for this case as follows: 
V

Definition 3.11: Consider all edges of the previous region ,~q .  Allow

the state variables in L to leave 1-hackward in time from some point on
p

each edge (wh~ re the point may not be the origin) once for each extreme

point direction ~f (these correspond to extrela~ points of

Let x(T :epresent the point of departure on a given edge. Then for

each trajectory find the break point

~ (T ) = x (V i  + Ct — t ) ( B  u + a) (3.187)— p-i — p p p-1 — —p-i —

where U
1 

is the appropriate extreme point of U
1
. For every such

01-p
break point, form the ray in R ~ which origi~-~ates at the origin and

and passes through the break point . If the total number of bre ak po i n ttV

is w, the set of rays is denoted

v = { v , v , ..., v}.
p-1 1 2 w

See Figure 3.28.

Theorem 3.7 (Construction of break feedback reg ions)

V~~~~~~ UX)~~;&VV is the set of controls w i t h  w hich the state va r ioL1e~

V - ~~ B - ‘kwo c-I  in t m u .  Then

= C o( j~ U V ) / , s~’ ( 3 . 1 h ~~
)

j ) 
~~~ B

-V_
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~•ll ~~~~~~~~~~4
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is the break feedback control region with associated control set U 1

in the vein of Definition 3.6.

Proof: We must show that items (I), (ii) and (iii) of Definition 3.6

apply to 
~~p-l and U

1. The situation is depicted in Figure 3.28 .

Items (i) and ( ii )  follow from the fact that .? is itself ap

feedback control region .

To prc.e item (iii) consider any point x ~ .~e .  Form the set of

rays from as specified in Definition 3.10 and call them V. As

discusi - previously, these rays i~~ Lesent the directions of the optimal

trajectories which result from the application of the extreme point

controls of U 1. floreover , the direction of the trajectory correspond-

¶ ing to any control in 
~p 1 can be expressed as a convex combination of

of the rays in V. Next, translate each ray in V by placing its origin

at the point x and call the translated set V1 . Denote by S the closed
a +p

halfspace of R ~ which lies on the same side of thC hyperplane

which contains the break wall as does x. Consider the region ~(x) =

(Co(.~4’ U V’)/x) fl S. See Figure 3.29. If C ‘ t (x )  , then there exists

a direction which is some convex combination of the members of V 1 which

takes x 1 optimally to x. Hence, for any x 1 
C ~i (x) there exists a

U C U which takes x optimally to x. Now , .~~~~ = Co({~~(x)~~x t ~~
• — p—I —1 — p— i — —

since the smallest  convex set containing { 1 ( x )  j x  ~ •~? } is •~‘? .
— — p p-i

ha ve therefore  shown that  for any 
~~~~~~~~~~~~~~ 

there exists a u

such that x = B U + a carr ies  to some point x i 

V - V— V  V VV ~~~~~~~~~~~ V V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The reasoning from this point on follows precisely the same lines

as that presented at this point in the proof of Theorem 3.6.

U Theorem 3.7 
V

As before , we obtain the fact that 
~~p-1 as constructed in

Theorem 3.7 is a convex polyhedral cone. In brief , the construction

of break feedback regions proceeds as follows:

(1) Begin with the break control solution set U corresponding to

thc tate variables in L I - - 
j  the previous region .~Q C R~~

backward in time.

(2) Let the state variables in L leave backward in time from each

edge of .

~~~

‘ with every extreme point control in 12 1 and calculate

the resulting break points from (3.187) .

(3) Form the set of rays V 
—l 

from the break points determined in (2).
p

(4) Form the conical region in R ~

~~p-i = Co( .~~~ U ~~~~~~~~~~~~~~

The reader may verify that the construction of the break feedback

reg ion labeled 2 )  in Figure 3.12 is a simple application of

Theorem 3.7. In Appendix B, a break feedback region is constructed for

a three dimensional examp le.

3.3.4 Discussion of Fundamental Properties of the Algorithm

In this section , we discuss several of the properties of the



~~pppiiP____ ~~~~~~~~~~~~~ ~~~~~~~~~~ — V ~~~~~~~~~~~~~~~ V VV~~ - ~~~~~~~~~~~~~~~~ -V~~V_VVVV -V•V~~~VVV V -- -

—181—

algorithm presented in Section 3.3.2.2. We are particularly interested

in those properties which are troublesome from the point of view of

constructing a computational scheme to implement the algorithm. The

discussion is focused on a simple example presented for each property,

which serves not only to illustrate the particular problem at hand but

also to give the reader an opportunity to fix the essential notion more

firmly in his mind. In these examples we utilize the geometrical point

of view presented in Section 3.3.3.2, so that it is possible to study

the properties by examining the activity of the pointwise linear pro-

gram in ~-space.

3.3.4.1 Non-Global Optimality of Certain Sequences

Part (a)  of Operation 1 of the algorithm consists of solving the

constrained optimization problem with a restricted Hamiltonian. In

part (b) we assert the necessity to determine if the solution to part

(a) can be made globally optimal with the appropriate choice of costates

which satisfy the necessary conditions . In this section, we present

a simple example in which a constrained optimum is not a global optimum ,

thus j u s t i f y i n g  our concern for investigating global optimality .

Example 3.4

V The general  network topology to be considered in this and suv  i-~~1

otour examp le n is dep icted in Figure 3.30. The l in k capacitiLV~; are

V indicated in br~ckets and for simp iiui ty the inputs are all taken to be

V V V ~~~~~~~_ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -— ~~~~~ V-V V

VV ~~~ V V V ~~ _ V ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
V
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zero . The equations of motion are

x~ (t )  = —u~ 2 (t )  — u~ 3 (t )  + u~1
(t)

= —u~1(t )  — u~ 3 ( t) + u~ 2 (t ) 
V

.3 3 3 3
x1
(t) = —u13 (t )  — u12

( t) + u21
(t )

1 1 
(3.189)

x3
(t )  = —u 31

(t )  — u 32
( t) + u~ 3

(t )

x~ (t) = —u~ 3
(t )  — u~ 1

(t )  + 
i42

(t )

x~ (t )  = —u ~ 2 (t )  — u~1
( t)  + u~ 3

( t ) .

For the purpose of this example , we limit attention to the state

variables x~ and x~ and consider the cost function

12x~ (t) + x~ (t)J dt. (3.190)

We are therefore considering a single destination network with non-

unity weightings in the cost functional. The i-space constraint figure

is presented in Figure 3.31.

We begin by letting x~ leave the boundary backward in time at t
f • V

Then the constrained optimization problem in 1-space calls for the

maximization of the zero dimens ional restricted Hamiltonian

Hf 1
(T):z(T) = X~~(T)y~ over the constraint reg ion •

~
l
f 1 

depicted in

Figure 3.31. The costate trajectory for is sh~~ n in Figure 3.32.

The solution to the constrained optimizatior probl em is

Y f 1 •Y 2 
= 1.5, y

~ 
= 0 as illustrated in Figure 3.31. Now , at arbitrary
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globally
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Hainiltonian

H f 1 ~ Y f 1  

— A 1 1 1 
A 1 1= 
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Figur~ 3.31 Geomet r i ca l  In t e rp re t a t i on  of Sequence
i.~; Uot Globdily Optimal

- -- -V -V - -V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



—

~

—

~~~~~~~~~~~

—-

~~ 

- V - V~~~~~~~~~~~~~~-V_ -V V-V - V _
~~~~~~

-- -— —-
~~~~~

- -—-—.=
~~~~~~ - - - _ _V,._V_--s_ — V=VV_ _~~~~~~~~~ 

V

—185--

2

k

~~~~~~~~~~~~~

2

I A~ max

-V
~~~~t

t
f

L i~~1~ e 3 . 12 ~~~ ~~~ ~ra .~ct~)m j os f~~r tVxanq 10 3 .4

time t <- t1 let us attempt to see if there exists some legitimate value 
V

of X~~(t )  such that for X~~(t )  = 2(t
f 

— t) the Hamiltonian H(t):z(t)

+ A~~(t ) y ~ maximizes !I at Yf 1 . From Figure 3.31 we see that

the ~~~~~ possible globally maxirn i~~ing H azniltonian has A~ ( t )  = A~~(t).

However , from (3.153) we find that the maximum value of A~~(t) is V

(t
f 

— t ) ,  that is, on~ half the value of A~~(t ) . Therefore , the candi-

date operating point Y f 1  obtained from the constrained optimization

cannot be globally optimal . We then conclude that it is never optimal

1 V - -for x2 to strike the boundary last forward in time .

•Example 3.4 
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3 .3.4.2 Non—Uniqueness of Leave-the-Boundary Costates

Refer to Definition 3.9 for the definition of L.~ -~ ositive face .

The significance of this notion is established in Theorem 3.5, where 
V

we show that the values of the leave-the-boundary costates at t~ are

actually those of the appropriate coefficients of H~~1
(t~) rotated

about H (t ) until it touches .~i on an L -positive face. Here we
p p  p-1 p

establish th fact that there may be more than one L -positive face

which may be reached in this fashion. As we shall see , this situation

implies at there may be an infini L~ ly non-unique c~t of costates

corresponding to state variables which leave the boundary and enter

onto interior arcs. Therefore, state variables which are travelling

on interior arcs may have associated with them costates whose values

are non—unique. This is a most interesting property which characterizes
V 

the linear state constrained optimal control problem. Although non-

V uniqueness of costates may occur in non-linear state constrained prob-

lems, it is usually limited to costates corresponding to state variables

travelling on boundary arcs. See Brysom , Denham and Dreyfus [19631.

Example 3.5

Once again consider the network topology of Figure 3. 30.

Let us now limit attention to the states x~~, x~ and 4 and take
the cost functional to be

ftf
3 = J (4 ( t)  + 4(t)  + 4(tfldt. (3.191) 
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The 1.-space constraint figure 9 is pictured in Figure 3.33.

This figure can be obtained by finding the extreme points of U and

transforming them to i-space via equation (3 .162) . 
V

1Suppose we let x3 leave the boundary backward in time at t f •

Then H f 1
(1) :z ( T )  = X~~(T) y~ is maximized at the point Y f 1 :y~ = 1.5,

4 = y~ = 0 for all T C (-~~, t f
) .  This solution is easily shown to be

globally uptimal with X~~(r) = A~~(T)  = 0. The zero dimensional

restricted Hamiltonian Hf 1  
(T) is actually the point Y f..1 in Figure

3.33. This solution does not break as time runs to minus infinity . By

a trivial application of Theorem 3.6 the underlying controls 0.5,

42 = 1.0 k 41 = 1.0 , all other controls zero) apply everywhere on the

x3 axis.

Suppose we know specify that 4 and 4 leave the boundary simul-

taneous ly at some arbitrary boundary junc tion time t f 1  C 
(- ~~, tf). 

V

Now, since A~~(T) = —1 , T c [t f 1 l t f
]~ then A~~(t f 1

) = t f 
— t f 1~ The

L —positive faces of •1f—2 
(in this case , the L f 1—positive faces) are

F
1, 

F
2 

and F
3 
of Figure 3.33. Furthermore , the two dimensional Hainil-

tonian H f 1 (t f 1 ) : z ( t f 1
) = X~~(tf l~4 + X~~(t f l~4 + A~~(tf 1

)y ~ can

be rotated about the zero dimensional Hamiltonian Hf 1 (tf 1 ) to touch

9 in all faces F 1, F2 and F3 . In fac t , it may lie on F 2 anywhere

between F1 and F3 . Therefore , the leave-the-bo~ ndary costates and

4 at t f_ 1 may achieve values anywhere between
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~~A~ ( t
f 1

) = 4(t f 1 ) = t
f 
- t f 1

= 0

and

~4(t f 1
) = 0 

V

~ 4 t ~ 1~ = 4(t f 1
) = t f 

- tf 1~

Hence , we have an infinitely non-unique set of leave-the-boundary co-

states at tf1 . This non—uniqueness persists even after 4 and 4
leave the boundary and enter onto interior arcs , thus verif y ing our

contention in the introduction to this section. •Exaxnple 3.5

In general , the backward constructive algorithm calls for the

entire set of costate values if they are indeed non-unique. However,

it is clear that Hamiltonian hyperplanes which lie between faces of 9

will provide us with no more information in terms of new opera ting

points than will those which actually lie on the faces. If the state

variables in L leave som e region .~R , we therefore must f ind all ofp p

the highest dimensional L —positive faces of 
~

l l upon which H 1
( t )

may be made to lie . We then u t i l ize  the f in i t e  costate set correspond-

ing to the coefficients of H Ct ) which bring it to lie on these
p-1 p

L —positive faces. In Examp le 3. 5 , this costate set corresponds to the

faces F1 and F3.

The reduction of the required costates to a finite set is a

welcome result but we still have the problem of finding the appropriate

- - . V V -  V V V V V~~~V V V -  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~
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L —positive faces of •~~i~~~~~~• Although this is a simple problem for

three dimensions or less , we have no method for performing this task

for a general dimensional multi—destination network. The solution to

this problem is contingent upon discovering a method for explicitly

determining the constraints which determine in the vicinity of

the operating point Y .  In Section 4.4 we show how this may be

achieved wh~~. the L -positive face is unique as in the case of problems

involving single destination networks.

3.3.4.3 Subregions

Recall that a subregion .~.R (L ) of a region .~R is that set of

points in 
~~~~~~ 

which when taken as the point of departure of the state

variables in L result in a common control set and common set of break-
p

walls (Definition 3.8). We now present an example in which there are

two subregions in a particular feedback control region.

Example 3.6

The network is picture in Figure 3.34. Once again, for simpli—

city we are considering the no inputs case. This is a single destina—

tion network with all messages intended for node 4; therefore, we may

eliminate the destination superscript on the state and control van-

ables. The dynamical equations are

~11t) 
= u21 (t) + u

31
(t) — u14 (t)

x2
(t) = —u

21
(t) (3.192)

x3(t) —u 31 (t)
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(2)

‘xl

U
2

\•~~
1X

3x .-,

Figure 3.3.1 Wetwork Topology for Example 3.6

and we consider the cost functional

f tf
J = J (2x

1
(t) + x

2
(t) + 2x

3
(t) ]dt. (3.193)

to

The i—constraint figure is depicted in Figure 3.35(a).

We begin by letting x
2 
leave the boundary backward in time at

t
1
. The constrained optimization problem calls for the maximization of

the zero dimensional Hamiltonian Hf 1(T) :z(T) = X
2
(t)y

2 
over the con-

straint figure 
~ f—l 

depicted in Figure 3.35(a). The costate trajectory

for )t
2 
is shown in Figure 3.35(b). The solution to the constrained

optimization problem is Yf_ 1 :Y1 
= O~ y2 

= 1.0, y
3 

0. Moreover , it is

easy to see by examining Figure 3.35(a) that this solution is globally

optimal for the costate values X1
(t) = A

2
(T) = 0. also, 

~f ~ 
persists

~~~~~~~~~~~~-—--- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~
--

~~~~~~~~~
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Hf 2 (t
f 1
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I -
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

Hf_3 (tf 2~

Y 2~ L~~ 
Y3() 

t
f 2  > 1’

~~~ C c)
/

S 

2

H
f 

11
f 3

(t
f )

f—2

F i r ~~re 3.35 Gcomutry tu r Examr].e 3.~
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as time runs to minus infinity. The trajectory is illustrated in

Figure 3.36. Utilizing the controls underlying this solution , we

are able to assign the feedback contr3l on the x2
-axis as specified in

Figure 3.37. We denote this region

Next we stipulate that x3 leave the boundary at some arbitrary

boundary junction time t
f 1 • The one dimensional Hainiltonian that

touches the constraint figure •1f—2 
in the positive orthant of y3 is

simply H
f 2

(tf_1) :z(tf 1
) = X

2
(tf 1)y

2
. Therefore, A 3

(t f 1
) = 0. As

we proceed backward in time frbm tf 1~ the one dimensional constrained

Hamiltonian H
f 2

(T) :z(T) = A
2
(T)y

2 
+ A

3
(T)y

3 
is maximized over 

~~f—2

at the point Y
f 2

:y
1 

= 0, y
2 

= 1.0, y
3 

= 1.0. This solution is glo-

bally optimal for X
1

( T )  = 0 and does not experience a break as time

runs to mi.nus infinity . We may then apply Theorem 3.6 to construct

the two dimensional non-break feedback control region labeled .A’
f 2  

in

Figure 3.37.

We now want to allow x1 to leave the boundary backward in time

at some time t
f 2  

< tf 1 ; that is, allow the state to leave from

This is achieved by rotating the two dimensional Hainiltonian Hf_3 (tf_2):

¶ z(t
f 2

) = A
1
(t
f 2 ) x

1 + X2(tf 2 ) x
2 + X 3

(t
f 2 ) x 3 about Hf 2 (t

f 2
) until

it touches .~/ on a face in the positive orthant of y1. By examining

Figure 3.35(b) and (c) we distinguish the following cases :

(i) If A 3
(tf 2 ) < A

2(t f 2 )l then Hf 3(tf 2 ) is rotated to touch

the edge labeled e ’ in Figure 3.35(b). This edge becomes the

— - .------ .~~~~~~ --— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -—.~~~~~ .- - -- . -~~~~ 
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x

x2

\x3

~1~
i

/

.—.———...—-—.
~~~~~~-— ~~~~~~~~~~~~~~~~~~ f—i f

~~ ‘~~~~(x 1
) ~~~~ 2 (x 1

)

A 3 I

\~x~~t
I I

‘I I

I I
— t

tf

Fi~jure 3.36 Stute- .’o;tate Trajectory Pair for Example 3.6
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new set of operating points Yf_3 .

(ii) If X
3
(t
f 2

) = X
2
(tf 2 )~ then H

f 3
(tf 2 ) is rotated to touch

the face labeled F
1 

in Figure 3.35(c). Subsequent rotation

of H
f 3  causes the edge e~’ of Figure 3.35(c) to become the

new set of operating points Yf_3 .

(iii) If A
3
(t
f 2~ 

> X
2
(t
f2 ). then Hf 3

(t
f 2

) is rotated to touch

the e ~ labeled e” in Figure 3.35(b). This edge becomes

the new set of operating points Yf 3 .

If we deflote the time at which A
2 
equals A 3 

by T
1, 

then from Figure

3.36 we easily determine that x
2
(T
1
) = 2x

3
(T
1
). Therefore, we di”ide

the region •
~~f ~ 

into two subregions: .~ç2 (x~) is that portion of

~~f-l 
beneath the line x

2
=2x

3, not including x2 2x 3; .~‘~~2(x1) is that

portion of 
~~f-2 

above and including the line x
2
=2x3. When the state

leaves .4~~~2
(x
1
) the new set of operating points is Yf_3 = e’. On the

other hand, when the state leaves ~sq~~ 2(x1) the new set of operating

points is ~~~~ = e” . •Exainple 3.6

3.3.4.4 Return of States to Boundary Backward in Time

In Operation 1 of the algorithm we work under the assumption

that no state variable which is off the boundary must subsequently

return to the boundary backward in time . This is equivalent to assuming

that in forward time optimality will never require that a state variable

increase its current value. In Section 4.3 we show that this assumption

is in fact trut� [or the ci~ e of single destination networks with all

.- ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~_______ _._ .___ . ;
_
~

__
~
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~
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unity weightings in the cost functional. However, in general this

assumption is not true as illustrated by the following example.

Example 3.7

We once again refer to the network topology of Example 3.4 and

1 1
concern ourselves with the state variables x2 and x3 and the cost

functional (3.190) of Example 3.4. As in that case, the ~-constraint

figure appears as in Figure 3.31, which we present again in Figure 3.38

for illustration on the current discussion.

In Example 3.4, we attempted to allow 4 to leave the boundary
backward in time at t

f 
and discovered that this trajectory cannot be

globally optimal. We now try letting 4 leave the boundary backward in
time at t

f~ 
Then the constrained optimization problem calls for the

maximization of the zero dimensional restricted flamiltonian H
f 1

(T ) :

1 1 . .z(t) = A
3
(r)y

3 over the constraint figure 1 depicted in Figure

3.38. The costate trajectory is shown in Figure 3.39. The solution

1 1
to the constrained optimization problem is Yf 1:Y3 1.5, y

2 
= 0. This

solution can be shown to be globally optimal for the costate values

= 4(r)~ r c (tf 1 f  tfJ~ See Figure 3.38. Also, 
~f ~ 

persists

as time runs to minus infinity . Over this interval 4 travels forward

in time with a slope of —1.5 as illustrated in Figure 3.39.

Now, suppose at an arbitrary boundary junction time tf_1 we

choose to allow 4 to leave the boundary backward in time. Then the

costate 4(t f_ 1 ) = 4(t f 1
) = t

f 
- t

f 1  
causes the enlarged Hamiltonian 

,-- . - -- . 
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Yf 2

Hf 2
(T) ,T < t

f 1

2

0.5

Figure 3 .30 Geometrical Interpretation of S i tua t ion
in Which  State Var iable  Returns to
Boundary L3ackw~rd in Time
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Figure 3.39 State—Costate Trajectory Pair for
Example 3.7
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H
f 2

(t
f 1 ) to lie against the L f 1—positive face of ~ f—2 

as depicted

in Figure 3.38. Once x~ leaves the boundary backward in time its

costate travels with a forward slope of -2 as indicated in Figure

3.39. The Hamiltonian H~ ~(T):z(t) = A~~(T)y~ + A~~(T)y~ therefore

achieves its maximum over ‘~
‘f—2 

at Y
f 2

:~~3 
= -0.5 , y~ 

= 2.0. Hence ,

the optimal slope of x~ forward in time is now +0.5. The trajectory

is pictured Figure 3.39 where we see that x~ returns to the boundary

at the time ‘f 9 ~ 
which is 3(t~ — tf 1 ) time units before tf 1 . The

return r x1
j to the boundary marha ‘dead end” of the backward trajec-

tory since it is not possible to allow x~ to re-enter the interior

backward in time. This is because in order to do so it is necessary

to have A~~(t~~ 2
) = A~~(T~~ 2

) in order to have 11
f 2

(T f 2 ) lie on the

appropriate face of

Howeve r , nothing is lost since the trajectory of Figure 3.39 may

be used to construct the feedback solution for all ini t ial  conditions

on x~ and x~~. We simply treat Tf 2  as a break point and f ind  that  the

entire space is f i l led  up upon the construction of the break feedback

region. See Figure 3. 40. •Examp le 3 .7

We have presented a simple example for  which a state variable

returns to the boundary backward in time and demonstrated how the

feedback space may be filled up. In this par t icu la r  case , the point

at which the State variable returns to the boundary represents a

end’ . However, it is not clear that this is true in general . In order
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to fill up the space , it may be necessary (and therefore optimal) to

allow state variables which have returned to the boundary backward ici

time to re—enter the interior. Once again, we require explicit know-

ledge of the y-constraint figure in order to accommodate this problem

as part of a computational algorithm.

Before leaving the discussion of this property , we point out

that there c ~sts some connection between the problem of non-global

optimality and that of state variables returning to the boundary back-

ward in ~
- ime. We can infer thi - xamining the conclusions of

Examples .3.4 and 3.7, which were performed for the same network topology

and cost functional. In Example 3.4, we showed that it is not globally

optimal for 4 to strike the boundary last. This is consistent with

the feedback solution of Example 3.7, which calls for 4 
to leave the j

boundary forward in time whenever 4 has a positive value . It is not

clear how this notion may be expanded to characterize general network

problems. I

3.4  Surmary

In this chapter we have developed an algorithm which constructs

the feedback soluti .n to the dynamic routing problem when the inputs

to the network are constant in time . The building blocks of the feed-

back space are convex polyhedral cones and we have proposed constructing

these cones by a sequence of optima l trajectories run backward in ~Imu .

These trajectories aie fashioned to satisfy the necessary conditions,,

- - -~~~~~~~~~ -~~~ - - - -~~~-~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ .-.---
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which are also sufficient.

Through the process of developing a rigorous algorithm we have

discovered the fundamental characteristics of the feedback solution .

Aside from its deceivingly neat organization into convex polyhedral

conical regions, the feedback space is a complex and oftentimes con-

fusing creature. This confirms the viewpoint coinn~ nly shared among

optimal control theorists that feedback solutions are very difficult

to find, especially for problems involving constraints on the state

variables.

The complex algorithm for the construction of the feedback space

developed in this chapter for the general network problem is difficult

to implement in a computational scheme. However, it serves as a con—

ceptual setting for proving the simplifications which result for

problems involving single destination networks with unity weightings

in the cost functional. 

-~~~~~~~~~~~~~~~ - --  -----
~~~~~ 

-
~~~ 
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Chapter 4

FEEDBACK F~3UTING WITH CONSTANT INPUTS

AND UNITY WEIGHTINGS

4.]. Introduction

In Chapter 3 we presented an algorithm for the construction of

the feedback solution to the general network dynamic routing problem

with constant inputs. However, we found that four basic properties

associated with the algorithm complicate the formulation of a computa-

tional scheme to implement the algorithm. In brief , these are :

1) Non—global optimality of certain sequences of state variables

leaving the boundary backward in time

2) Non- uni queness of leave-the-boundary costates

3) subregions

4) Return of state variables to boundary backward in time .

In this chapter, we investigate these properties as they appl y

to problems involving single destination networks with inputs constant

in time and all unity weightings in the cost functional. Throughout

Chapter 3 we have promised that for this class of problems various

simplifications result. Here we state and prove these simplifications

using the geometrical point of view presented in Section 3.3 .3.2.

—204-
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The primary results are (in the order they are proved in Section 4 .3 ) :

Theorem 4.1 The leave—the-boundary costate values are

unique .

Theorem 4 .2  There is one subregion per region .

Theorem 4 .3 All solutions to the constrained optimization

problem are also globally optimal.

Theorem 4.4 There always exists an optimal control which

does not call for the return of state variables

to the boundary backward in time .

One additional result which even further simplifies the situation is:

Lemma 4~ 6 No break s in the optimal control between

boundary junction times.

As a consequence of this last property, we need only solve the point-

wise constra ined linear program once between appointed boundary junction

times . Moreover , the only kind of feedback regions to be constructed

are those of the non-break type detailed in Section 3.3.3 .3 .

With these simplifications in hand, we proceed to construct the

details of a computational scheme which realizes the backward construc-

tive algorithm for this class of problems. Of particular interest is

the use of parametric linear programming techniques to determine the

L - positive face which provides the values of the leave-the—boundary

costates. A computer program is deve l oped to implement the scheme for

a five-node network . However , the portion of the program which employs

Chernikova ’s algorithm to calculate the entire set of solutions to the 

_ _
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pointwise linear program is highly inefficient. This problem causes

the calculation of the entire feedback solution to be impractical .

Final ly ,  we discuss some of the issues involved in extending the geo-

metrical approach to general network problems.

4.2 Preliminaries

As we shall presently become involved in detailed geometrical

analysis in the i—space , we briefly review a few of the essential

notions. Firsf recall that the definition of the ~-constraint figure

is:

n
= R ~~~~= - B u -  a and u C  U }

(4.1)
where LL~~r { u :Du < c  andu>0}.

Next recall that the constrained optimization problem of Section

3.3.2.2 (Operation 1, part (a)) calls for the maximization of the

Haxniltonian 11 (T) over the restricted constraint figure ,

~~~~~

, where we

define 
~~ 

as follows :p

~ g
0
Pf~ ~ ~ and 0 ~~ x~ ~ B } .  (4.2)

We remind the reader that ~ is the set of state variables on
p

the boundary for T c [i , T ). Also , 1 is the set of state van —
p p+l p

ables o f f  the boundary for T i ET , T ) , where card (1 ) a . Now ,
p p+l p p

the solution set to the constrained optimization problem on

r c E r , t ) is denoted by Y . A member of Y is denoted by y , and
p p+J. P

is referred to as a a -dimensional operating point.

—- -- -~~~~~~~ . .~~~~~-
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The following proposition regarding ~~.‘ and 
~
j are easy to prove ,

so that the details are eliminated here .

• Proposition 4.1: ~?1 is a closed and bounded convex polyhedron. The

same is true of ~~‘ .

The notions of extreme poin t and edge of a convex polyhedron are

central in linear programming. Rigorous geometrical definitions of

these notions may be found in Dantzig (1963]. Briefly,  they are :

Definition 4.1: A point of a convex set is an extreme point of that

set if no straight line segment of f ini te  length completely in the set

contains the point.

Definition 4 . 2 :  The ~~~~~~of a convex polyhedron is the straight line

segment joining two adjacent extreme points .

Now , from linear programming considerations and the details of

our algorithm we know that Y is the convex polyhedron which is the

face of tangency between the restricted Hamiltonian hyperplane H~~(-r )

and the restricted constraint figure •~ i on T c (t
n
, r~,.f ].) .  Therefore,

extreme points of the solution set Y~ are also extreme poin ts of

The following proposition is easy to prove.

Proposition 4 . 2 :  The solution set to the constrained optimization

problem , Y , lies on the boundary of ,~ l . Howeve r , extreme points of

are not necessarily extreme points of 4’.
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Now , we present a proposition which provides the fundamental

geometrical relationship between the constraint figures 4 and U . Once

again, the proof is simple and is eliminated for the purpose of brevity .

Proposition 4.3: Each extreme point of 4 is the image (through the

mapping ~ = —B U - a) of exactly one extreme point of U. However ,

extreme points of U may map into points that are not extremum of 4

(such as boundary and interior points). Likewise , each edge of 4 is

the image of exactly one edge of U. However , edges of U may map into

points which are not edges of ~/.

Now , in order to describe the convex polyhedron 4 we need only

concern ourselves with its extreme points, or equivalently,  with its

edges. However, we do not have an explicit representation of ~i in

terms of linear inequal ities , so that we must approach this problem

somewhat indirectly. The approach shall be to talk about edges of U ,

for which we do have a representation , and then to investigate the

manner in which the mapping ~ -13 U - a acts upon these edges. In

particular, we shall be exploiting the special structure of the

matrices B, C and 0 (where B , 0 and C appear as in (4.1)). We present

here the argument as far as it applies to single destination networks.

This argument is extended to cover multi-destination network u~ dels in

Section 4.5, where the subsequent application of the argument is not

quite as clear as it is here .

We begin by examining the nature of the edges of U . The point 



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ --- ~~~~~~~~~~~~~~~~~~~~~~~~ .~~~~------ —----

—209—

of view that we take to achieve this task is the algebraic interpreta-

tion of linear programs. This interpretation is basic in the formula-

tion of algorithms to solve linear programs, and as such can be found

in any good text on the subject (such as Dantzig (1963]) .  The basic

notions are :

(i) the canonical form of a system of linear equations ,

(i i)  a corresponding basic feasible solution,

and (iii)  a pivot from one basic feasible solution to another ,

performed by exchanging a basic variable for a non-basic

variable while maintaining canonical form.

Now , extreme points of a l inear constraint set are characterized

algebraically as corresponding to basic feasible solutions of the

representative system of linear equations in canonical form . Also , a

pivot from one basic feasible solution to another corresponds geometri-

cally to moving along an edge from the extreme point  represented by the 
-•

first basic feasible solution to the extreme point represented by the

second basic feasible solution. This is the important property which

we shall exploit in our attempt to describe edges.

We now examine the set of equations which describes U for single

destination networks. The capacity constraint over a link (i,k) has

now the simple form

0 < u • < C (4.3)
— i k— ik

since for a single dest inat ion there is exactly one control variable

~

--

~

- -_----

~

- -

~

•- . ..
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per link. We notice immediately from (4.3) that Ii is a rectangular

hyper—parallelepiped so that the algebraic description of the edges is

simple to obtain. However, we shall now characterize an edge alge-

braically in a rigorous fashion in order to establish the basic

approach for the more complicated multi-destination situation discussed

in Section 4.5.

We begi- by introducing the non-negative slack variable Zik so

that the inequality Uik 
< Cik becomes

u. + z . = C .ik ik ik
(4.4)

z. > 0.
ik —

The complete set of equations of type (4.4) corresponding to D u < c

therefore has the form:

u +z

u -4-z = C

r U .k 
~~ik 

— C ik (4.5)

u -s-z = C

u +z = C

r r

where we have eliminated all subscripts except for ik to avoid nota-

tional havoc. Recall that r is the dimension of the co~ttrol vector and

therefore is the dimension of the link collection L. Now , (4.5) is

- -~~~~~~~--~~~~—~~~~~~~~ -~~~~~~~
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immediately in canonical form with respect to any set of r variables

chosen (either u ’s or z ’ s) to be basic. For instance, if we consider

the row corresponding to Cik~ 
then we pick either or Zik to be

basic and set its value to Cik and the value of the remaining variable

to zero. Note that such basic solutions always have u. > 0 (u. 0ik

or u , = C. ) so that the lower bound in (4 .3 )  is never violated whenik ik

talking about basic solutions to (4 .5 ) .

Hence , every extreme point of U is represented by a point whose

ik coordinate has value of either zero or C. . In terms of the net—ik

work, this means that every link is operating either at zero or full

capacity. Now, in order to perform a pivot on (4.5), we simply p ick

one variable which is currently basic at value Cik (either u~k 
or

z
ik
) and replace it in the basis by the remaining variable (either

Zik or U .k respectively). Hence , movement along an edge of Ci is equiva-

lent to picking a coordinate (say ik) of the current extreme point and

either increasing its value to C
ik 

(if it is currently zero) or de-

creasing its value to zero (if it is currently at cik ). The total

number of edges emanating from any extreme point is therefore r.

We now are in a position to discuss the nature of edges of 4,

since by Proposition 4 .3  edges of 4 correspond to edges of U. First

we distinguish between the two basic types of control variables.

Definition 4.3: Suppose the single destination of the network is

node d. Then a control var iable  of the type u .d is called a direct 
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control. A control variable of the type u k, k ~ d, is called an

intermediate control. See Figure 4.1.

u .  < C . 
X~

U~~~~~~~~~~~~~~~~~~ D

F ij u r e 4 .1 Di~~~~~t and In te rmed ia te  ~:ni t ru1 Vatiab1€~i

Now, a direct control enters into exactly one component of the

dynamic equation x = B u + a since there is no state variable associated

with the destination node. The contribution is

= _U id + ... + a. (4.6)

where we have eliminated the single destination superscript on the

state and control variables and input. Also, an intermediate control

enters into exactly two components of the dynamic equation as follows

x. =— u . +... + a .
i ik i 

(4.7)
+ a .

_ _ _ _



-~~ -~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~~ - . -
-- - - -~~••• , - - 

- - 
- - ----•~~--~~ • - - ~~~~

—213—

Suppose now that the current operating point ~ = is an extreme

point of *. We wish to characterize the types of edges of ~ i which

may emanate from ~~~~~. From (4.6) and (4. 7) we distinguish the following

two types of edges of 4 :

Type 1 - Exactly one coordinate of ~ changes from its value

at y .  This edge corresponds to an edge of LI for which a

direct control and its slack change places in the basis.

From equations (3.162) and (4 .6) we see that the two possi-

bilities are:

= :id {:: = ~ ~~ ~Yi = C id (4.8)

C•d 
~~~~~ 

~:~ : ~~~~~~~~~ 
= 

~
C .d (4.9)

where E’y . indicates the cha nge in that ith coordinate which

occurs when moving from one end to another of an edge. No tice

that L~y ,  is either plus or minus C .~~.

Type 2 — Exactly two coordinates of ~ change f rom their val ue

at ~~~~~. This edge corresponds to an edge of for which an

intermediate control and its slack change places in the basis.

From equations ( 3 .162) and (4 . 7 )  we see that the two possibili-

ties are:

14
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~~
U ik = 0 

pivot ~
Uik C

ik ~~~~~
yi 

= C
ik (4.10)

(Z.k = C ik = 0 (A YIc =

U.k = C i
k ~i~~ t ~

U ik = 0 = _C
j k 

(4 .11)
(zjk = 0 tZ k 

= C ik t
~
yk = C .k .

where ~y ,  and Ayk indicate the changes in the ith and kth

coordinate respectively which occur when m~ving from one end

of an edge to another. Notice that i~y1 and Ayk are both either

plua or minus C .k , and that t~y .  =

Notation 4.1: An edge of Type 1 in which the change occurs in the

coordinate y .  is represented as

1’
y i

and an edge of Type 2 in which the change occurs in the coordinates

and 
~
‘k is represented as

We now present a brief refresher on the geometrical poin t of view

applied to the analysis of various properties associated with the back-

ward construction algorithm. Assume that a current a -dimensionalp

operating point is ~ Y C 4 and the restricted Hamiltonian hyper-

plane is
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H (T) :z(T) = 

~~~ 
X?(T)y~ (4.12)

T c  (1 , T ) .
p p+l

We now choose to allow the state variables in L to leave the boundary

backward in time at the appointed boundary junction time t E (T ,T +1).

Note that T may represent a control switch time or the boundary j unc-

tion time t before t in backward time. Then the values of thep+l p 
-

leave—the-boundary costates ~~ (t ) for x
3 c L are those for which thei p  1 p

enlarged Hamiltonian hyperplane

H 1(t):z(t ) = .

~~~~~~ 

X~~(t )y~ + 
~~ 

A~~(t )y~ (4.13)

contains an L~ -~ositive face of

Notation 4.2: Let V be a current set of operating points and L be

the set of state variables to leave the boundary backward in time at

tine t C (T , T ). Then an L -positive face of 
~~ 

which is
p p p-i-l p ‘ p-1

contained in 1-1 (t ) for some ~
3 (t ), x~ c L , is denoted F(Y ,t ,L ).

p-l p i p 1 p

The collection of all such faces is denoted fl(Y , t , L ).
p p p

This completes our discussion of the geometrical preliminaries

required in the proofs of the next section. Additionally, we shall

have occasion to utilize some basic terminiogy and elementary results

from graph theory. The relevant definitions and a simple result are

presented here .
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Definition 4.4: A graph is a set of nodes {y
1, ..., y~

} and a set of

ordered pairs y . y .  called edges. We call y1 and y~ extremities of

the edge.

Note that we have actually referred to the coordinates of as the

nodes. This shall be our usage. Edges of the form y .  y~ actually

correspond ~n our discussion to edges of 4 emanating from

Definition 4.5: A subgraph of a given graph is a graph wh ich contains

a subset of the nodes and edges ci the given graph.

Definition 4.6: A chain is a sequence of edges such that one of the

extremities of each edge belongs to the preceding edge in the sequence

and the other extremity to the following edge .

Definitiun 4.7: A graph is connected if two arbitrary distinct nodes

are always connected by a chain.

Definition 4.9: A connected graph without loops is a tree.

Proposition 4.4: A tree of s nodes contains s-i edges.

4.3 Special Properties of the Algorithm

We beg in wi th  the central theorem of this  section. The proof of

this theorem employs tb~ geometrical point of view , and contains t~~~

basic notions which are utilized in subsequent proofs.

-
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Theorem 4.1

For problems involving single destination networks , the values of

-

~ the leave-the-boundary costates are unique at a given boundary junction

t i m e t .
p

Proof: We emphasize that in this proof t is a fixed potential boundary

• junction time, and begin by considering the case in which we wish to

allow all the states remaining on the boundary to leave the boundary at

t , that is , L = B . It will be easy to generalize the result top p p

cases for which L C ~ and L ~ 6p p p p

We now divide the proof into two principal sections :

(a) Y contains an extreme point of 4

(b)  Y does not contain an extreme point of 9.

(a) Y contains an extreme point of 4.

The proof will proceed by contradiction . Suppose the values of

the leave—the—boundary costates are not unique . Then according to the

geometrical interpretation ,~~(Y , t , B ) contains at least two dis-
~ p p

tinct members . Call these F ’ ( V  , t , B ) and F ’ (Y , t , B ) . Eachp p p p p p

of these is a face of 4 since L = B and -4 = 4 . Now , the
p p p-1

enlarged Hamiltonian hyperplane is actually the n-l dimensional global

Hamil tonian hyperplane , so that we refer to it as H ( t ) .  In accordance

with the assumption that F’(V , t , B ) and F” (V , t , B ) arep p p 
~ 

p p

distinct , we must have that each is contained in a different global 

- - - - - - -— -~~~~-— --~~~~~~ -- - — - - - - - - - -
~~ ~~~

--
~~~~

-- - • -
~~~~~~~
- ,- ---
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Hamiltonian hyperplane. We denote these global Hamiltomian hyperplanes

by H ’ ( t ) and H ” ( t ) respectively and express them as

H ’ ( t ) : z ’( t ) = X ( ~ ) y ,  + A’ (t )y- (4.14)
~) 1 p i 

~ • c~ 
1 p 1.

H” (t ):z’(t ) = A f t  )y. + A” (t )y. (4.15)p p 1 p 1. x .CB ~ p 1

‘p  ‘ p

where we have eliminated the destination superscripting since we are

consideiing single destination networks . Now , V C H ( t ) and from

Theorem 3 .5 , part (a), we know that H (t ) C H’(t ) and H (t ) C H” (t ).p p  p p p  p

Therefore, Y C H’(t ) and Y C H”(t ). The geometry associated with
~ p P p

our assumption is depicted in Figure 4.2.

Consider now any operating point C Y .  Then by the above con-

siderations we know that y C H’(t ) and y C H” (t ); that is, y sat-p —p p —p
isfies both (4.14) and (4.15), Substituting into both of these

expressions we obtain :

z’(t ) = z”(t ). (4.16)
p p

We now make the fur ther  assumptions that  F’ (V , t , B ) and
p p P

F” (Y , t , 6) are adjacent faces of 4. We may do this without any

-
~~ loss of generality because if there is more than one member of

.i(Y , t , B )  we may always pick two adjacent members. Now , according

to the definition of L —positive face, there must exist some point ~~

such that 

--~~~~~ —-
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7
H ’(t)fl H ( t

,
)/~~~~~~

H” (t )

— i / -

H ( t ~ )~ V
P

U’ Ct )

/
// ~~~ 

p

/ o
p 

~~

Fiqure 4.2 Geometry in ~-space Associated with
Assumption of Non—unique Costates 
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C H’(t ) fl H ” ( t  ) (4 .17)
p p

where is in the positive orthant of that is ,

> 0 Y~ x . C L = B . (4 .18)
1 1 p p

By subtracting (4.15) from (4.14) and taking into account (4.16), we

conclude that any ~ C H’ (t) (~ H” (t
n
) satisfies

(A ~~(t ) - ~ ‘(t ))y. = 0. (4.19)
X . CB 3. p 1 p 1.

Therefore , must satisfy

x~~B 
(A .’ (t ) — A ” ( t ) ) y ~ = 0. (4 .20) .

Our assumption that H’(t ) and H” (t ) are distinct hyperplanes implies

that A’ (t ) - A’~(t ) ~ 0 for at least one x. c B . This together withi p j  p J p

(4.18) implies

(A ’ ( t  ) — A ” ( t  ))y~ ~ 0 for some x . C B . (4 . 2 1 )
J p j  p ) 3 p

Hut (4 .20 )  and (4.21) imply that there must exist some ~ B such

that A~~( t )  - A~~(t) ~ 0 whe re A~~( t )  - A~~( t )  is of opposite sign

from A ’ ( t  ) - A ’ (t ) .  We now summarize the preceding observations :
J p 3 p

Positive Solution Condition. In order for the assumption of

non—unique  costates to be t rue , it  is necessary  that

A~~(t ) 
- A’~(t ) ~ 0 and A ’ (t ) - A ” ( t  ) ~ 0 for  some x . c B

i p j  p k p k p j p

_ _ _ _  - --- — --~~~~~ — - --——
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and x e B . Moreover , it is necessary that A ’. ( t  ) —
k p j p  j  p

is of opposite sign from X~~(t )  — A~~(t).

Let us now consider the region F’ (Y , t , B ) fl F” (V , t , B ) . As
p p p p p p

we have assumed that the faces F’ (Y , t , 8 ) and F” (Y , t , B ) are
p p p p p p

adjacent , their intersection must be non-empty. Also , since both

F ’( Y  , t , B ) and F ” ( Y  , t , B ) are n-i dimensional faces of 9, the
p p p p p p

intersection F’ (Y , t , B ) fl F” (V , t , B ) is an n—2 dimensional face
p p p p p p

of 4; that is , it is an n-2 dimensional convex polyhedron.

Recall now that in this part of the proof we are assuming that

contains an extreme point of 7. Denote such an extreme point by

c V
P
. By Def ini t ion 3.9 of an L —positive face , we have

V C F ’ ( Y , t , B )  (4.22)
p p p

and

y C F”(Y , t , B ). (4.23)
p p p

The ref ore , v E F’ (V , t , B ) fl F” (V , t , B ) . Since v is an extremep p p p p p

point of 4, it is also an extreme point  of the n-2 d imensional convex

polyhedral face of 4, F’ (V , t , B )  fl F” (Y , t , 6 )  . Therefore,

there is a minimum of n-2 independent edges of F’ (Y , t , B )p p p

F ” (Y , t , 8) which emanate from ~~~~~~. The~;e are also edges of ~~~ Now ,

we have

- —- - _ - — -_ - - _ _ - - - - — -_ _- --- - - ~~ - - . - -~
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F ’ ( Y , t , B ) C H ’ ( t )
p p  p p

and (4.24)

F” (V , t , B ) C H ” ( tp p p p

in accordance with the geometrical interpretation . This implies that

F ’ ( Y  , t , B ) fl F” (Y , t , B ) C H’(t ) fl H ” ( t  ) (4 .25 )
p p p p p p p p

Hence , in order for our assumption of non-unique costates to be

true the following condition must also hold:

Edge Condition. If C V is an extreme point of 4 then

there exists a minimum of n-2 linearly independent edges of

9 emanating from which are also contained in

H’(t ) fl H”(t ).p p

We now begin the task of providing a contradiction to our assump-

tion by demonstrating that the positive solution condition and the

edge condition cannot hold simultaneously. In brief, we shall proceed

by enumerating all possible types of edges which emanate from and

that satisfy the requirements of the positive solution condition and the

edge condition. Our conclusion shall be that the maximum number cf

such edqes in n-3 , which is one short of the number required by t}-e

edge condition .

Now , th e two basic types of edges of 4 were described in Section

4~~1 under the names “Type 1” and “Type 2’. In brief , Type 1 edges

- -_ ---_- - — _
—- - • -- - - -

~

_- _ _ _ _ _
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4 involve a change in exactly one coordinate of while Type 2 edges

involve changes in exactly two coordinates of 
~~~
. We now wish to be

more specific with regard to the type of state variables affected by

the pivots , that is , whether they are members of I or B . Our notation

shal l be that a pivot takes us from the current operating (extreme)

point to an adjacent extreme point ~~~~~~. We denote the ith coordinate

of ~~ by y~ and the ~th coordinate of by y ’.

(i) Type 1 edge involving x .  C I

According to (4.8)-(4.9) we have

e - -( y - = y .  ~ L
~~~~ J

1 1 (4.26)
= + where ~~ = C

j d  
> 0.

The edge condition requires ~~~
‘ C H’ (t ) fl H”(t ). Therefore, the

point i’ must satisfy the equations for H’(t ) and H ” ( t ) .  Substi-

tuting i’ into (4.14) and (4.15) and using (4.16)  we obtain

A ( t ) (~ y . )  + A~~(t )y~ 0 (4.27)

A . ( t ) ( ~ y . )  
~ 

~~ (t )y~ = 0. (4 .28 )

Taking note of the fact that y ’ = 0 for x . C B (since = 0 for

x . ~~
8 )  we obtain

1~ p

A .(t  ) (t~y . )  = U. (4.2k))
J p 3

--

~

-

~

--

~
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The necessary conditions of optirnality (3.32) call for A~~(t) > 0 for

x. C 1 .  But since (4 .26)  specifies j~yj > 0, equation (4.29) pre-

sents a contradiction. Therefore, this type of edge cannot satisfy

the edge condition and therefore is not a candidate for our n-2 required

edges .

(ii)  Type 1 edge involving x~ £ B~

In this case we have

e - -( y ~~ = y ~ ~~~~
i
~~~~~~]

(4 .30)

~ 
= Ay

1 
where 

~~~ 
= 

~~~ 
> 0

By ( 4 . 8 ) — ( 4 . 9 )  and the fact that y~ = 0 ~ x~ C B~ . Once again , the

point ~~
‘ must satisf y the equations for both H ’( t ) and H ” ( t ~ ) .  Sub-

stituting ~~
‘ into (4.14) and (4.15) and simpli fy ing obtain

-1
A~~( t ) (~ y .)  A’~’ ( t ) ( A y .)  = 0. (4. 31)

But Ay. I > 0 and (4.31) imply

X’(t ) = A ” ( t  ) .
j p j  p

Therefore , edges of this type are potential edges of ,~i with  the j
stipulation that

A ’ ( t  ) — A ” ( t  ) = 0 . (4 .32 )
3 p j  p

- - --  — — - — —-- -— —- -—----_ —-- - - -_ ~ ______ - —S —‘ —-
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-1
(iii)  Type 2 edge involving x. C 8, Xk C B

In this case (4.1) and (4.11) give

e . -
~~

y = 
~
y
3 

(4.33)

= where i A y3 I = C ik > 0~

As before, we substitute (4.33) into (4.14) and (4.15) and simplify to

obtain

X ’.ft ) = A ’ ( t
j  p k p (4 34)

A ” ( t  ) = A ’ ( t  ) .
:i p k p

(iv )  Type 2 edge involving x. C B, X
k 

C 7

We have by (4.10) and (4.11) that

y i = y ~ ~~
- i~~~~j , k

= ~ y . ( 4 . 3 5 )

= y - I
~
y
J 

where IL~Y~I = C
jk 

> 0

Substituting (4.35) into (4.14) and (4.15) and simplifying obtain

A~~(t ) = X” (t ) = 0. (4.36)
J p j  p

(v) Type 2 edge involving x. C I, X
k 

C I

From (4.10) and (4.11) we have -
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y~~ = y ~ Y- i~~~~j , k

y ’ = y~ + ~y. (4.37)

= - 

~
y
3 

where 1~y~1 = C
I k 

> 0.

Substituting ( 4 . 3 7)  into (4.14 ) and (4.15) and simplifying obtain

A . ( t  ) = A Ct ) . (4.38)
j  p k p

We shall refer  to the admissible edges represented by ( i i ) — ( i v )

above as “ edges of type (ii)— (iv)” respectively .

We have now considered all possible types of edges emanating from

and found that the edge condition has implied certain relationships

among the costates involved. Now, in our attempt to arrive at our

contradiction we shall not attempt to explicitly enumerate all edges

emanating from for a specific constraint figure 4. Instead , we

shall consider all possible edges of types (ii)— (iv) above which may

exist and show that there are no more than n-3 independent edges which

also satisfy the positive solution condition . In order to facilitate

the discussion concerning an arbitrary set of edges, we introduce the

following graphical representation.

Definition 4.10: Consider the components of ~ (y
1
, . ., y )  t )  be the

nodes of a graph and the arrows and arcs of notation 4.1 to be edges of

a graph. Then an ed9e graph is the collection of all such node s and

edges which represent a set of edges of 4 emanating from
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t
Note that edges of Type (ii) (Y . where x . £ B~ ) are special in

that they only involve one extremity node. We now divide the nodes of

an edge graph into two mutually exclusive categories : those which

correspond to state variables which are members of the boundary set

and those which correspond to state variables which are members of the

interior set I . As a shorthand notation we shall say that if x • £ B
p 1 p

then y. C B , where B is now taken as a collection of nodes of the
1 p p

edges graph. Likewise, if x3 
C I we say that y. £ 1 .  The use of the

notations B and 7 should be clear from the context. A typical edge

graph categorized in this fashion is presented in Figure 4.3, where we

have represented components of ~ simply as y ’s.

I B
p p

y y y y y ... y y y y y y y

Figure 4.3 Typical Edge Graph

- -s-- ——--- —- - -—-— -~~~ & -- —- -~~~~~~ - --~~~~ _
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Using the notation we have established we now reiterate the four

possible types of edges which may exist and the costate conditions

which they imply:

Bp
(ii) y. X’(t ) — A ’ ~(y ) 0 ( 4 . 3 9 )3 3 p J p

S
p

(iii) y. y —~~A ’.(t )— A ” ( t  ) A ’~~t ) — A ” ( t  ) (4 .40)j  k j  p j  p k p  k p

B 7p p
(iv) y. yk 

X’. (t ) A ( t ) 0 (4.41)

I p
(v) Yj Yk~~~~

A
j
(t
p
) = X

k
(t) (4.42)

Definition 4.11: For a given edge graph , a B -subgraph (denoted

where the integer valued cz ranges over the number of B -subgraphs)

consists of a set of y ’ s in B and a set of edges for which the set

of y ’ s is disconnected f rom a l l  other  members of Bp
Definition 4.12: For a given edge graph , an 1 -subgraph (denoted I~~,p
where the integer ~ ranges over the n umber of l —subgraphs) consists

of i set of y ’
~; in I and a set ~- t & - iqe~ ~ which the set of y ’s is

- - --~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - ~~~~~~~~~~~~~ --~~ -~~~~~~~- - - -- - - - - -~~~~- - -~~~ -- - -~~~ 
- -—--— -- --- -~~~~~~~~~

-
~~~~~~~~

- -~~~~~~~-~~~ —-—
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disconnected from all other members of I
p

Examples of B —  and I —subgraphs are presented in Figure 4.3.

Definition 4.13: The subgraphs and I~ are said to be connected if
p p

some member of ~~ is connected to some member of I~~.p p

For example , in Figure 4.3, B
l 

is connected to

Definition 4.14: The B —subgraph B~ is said to be independent if it is

not connected to any l -suhgraph.

In Figure 4.3 , the B -subgraph is independent.

We now assume that all edges of any subgraph under discussion

satisfy the edge condition. Therefore , the relations (4.39)— (4.42)

are in force. We now apply these relations to make the following ob-

servations concerning members of B -  and I~ subgraphs:

a
• If y. L B and y C 5 then

j  p k p

A ’.(t ) — A ” <t  ) = A ’  (t ) — A ” ( t  ) . (4 .43)
j  p j  p k p k p

That is, for any members of the same B~ -subgraph the values of

the corresponding costate differences are the same.

• If y, £ I~ 
and C then

A ( t ) = A ( t  ). ( 4 . 4 4 )
j p k p

That  is , f o r  ~uy members of the same I -subgraph the values of 

-- -_- -_ - - -~~~~~~ -_-~~~~~~~~~~~~~ - --—_-~~- - ~~ -- -- -- - 
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the corresponding costates are the same.

•I f  y .  L B~ and y C and I~ and are connected thenj  p k p—  p p

A .’ Ct ) — A~’ ft ) = 0. (4.45)
3 p 

~ p

That is , each member of a B -subgrap h which is connected to any

1 — sub g~~~ph has its corresponding costate difference equal to

zero.

•If y .  C find y~ has the type ( i i )  edge y . ,  then

A ’ ( t  ) — A ” ( t  ) = 0 ~~y. C 6
a
• (4.46)

‘p  1 p i p

That is , each member of a B -subgraph which contains a type (ii)p

edge among any of its members has i ts  corresponding costate

difference equal to zero.

Lemma 4.1: In order that the positive solution condition be satisfied

by the edges represented in a particular edge.graph , it is necessary

tha t there are at least two independent B — sub graphs in the edge graph ,

each of which does not contain a type ( ii)  edge .

Proof of Lemma 4.1: The positive solution condit ion requi res  th a t

w e have an x .  B and an x B such that A~~(t ) 
- A ’~ ( t  ) ~ 0 and3 p k p 3 P 3 p

— A~~( t )  ~ 0 , and these costate d i f f e r e n c e s  must  he of t 1~~-

Opposite s i g n .  Equa t ion  ( 4 . 1 3 )  t e l l s  us t ha t  the s t a t e  va r i ab l e s  w h i c h  

— ---- - - — - --— -~~- ----- - - - — - - -  - -
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satisfy this requirements must not correspond to coordinates of which

are members of the same B -subgraph. Therefore, Xk 
and x . must corres-

pond to members of separate B -subgraphs, say B~ and &~. Now , by (4.45)

neither B~ or can be connected to any 7 -subgraph, and hence each is

independent. Furthermore, (4.46) implies that neither B~ or 8~ contai n

a type (ii) edge. U Lemma 4.1

We now interpret the property of linear dependence of edges into

our graph theoretic approach .

Lemma 4 . 2 :  Any subgraph of an edge graph which contains a loop must

represent a l inearly dependent edge of 4.

Proof of Lemma 4.2: It is easily seen that a two node subgraph with a

loop represents two linearly dependent edges of 4. Now, consider the

three node subgraph with a loop in Figure 4.4. The edges are i’enti-

fied by circled integers . Suppose this subgraph represents three edges

(
Figure 4.4 Three Node Subgraph with Loop

of 4 emanating f rom ;. Let us now denote by Ay P  the change in the

coordinate y .  ~-,h ich occurs when moving along the edge j
~ 

f rom to

an adjacent  extreme point of 4. From (4 .10 )  and (4.11) we then have

_ _ _ _ _ _
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the following relationships:

~y 2 
=

® ®
‘~y1 

-A y 3

Let us now (-~nsider the three vectors in i-space corresponding to

edges (T) , (~) and (
~~ . When we perform the determinant test for

linear independence of these vectors, the above relationships yield :

0

® ®0 Ay
2 

t~y3 = 0 .

Therefore, edge ® is linearly dependent upon edges (l) and (~~

Now, consider a loop in the a subgraph of arbitrary size . See

Figure 4.5.

yl ~
‘2 y4 ... 

~‘s—l

Figure 4 . 5  Loop in Subgraph of Arbitrary Size 

~~~~~~~~~ _~~~~~~~~~~ -~~~~~- - - - - - - -----_ -_- -~~~~~~~~- - -
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From the previous argument concerning a three node loop we conclude

that

y
1 

y3 
is a linear combination of y

1 
y
2 

and y
2 

y
3,

y
1 y4 

is a linear combination of y1 
y3 

and y
3 

y
4
,

y1 y5 is a linear combination of y1 
y5 1  

and y 1 ~~~~~~
- - J

Therefore , the edge of 4 represented by y1 y is a linear combination

of those represented by y
1 ,

y2
, 
~2 

y3, ~~~~~~~~ 

~
‘s-l ~

‘s~
- - 

I Lemma 4.2

In counting linearly independent edges of an edge graph we shall

be considering the following special subgraphs.

Definition 4.15: A connected sub~raph of an edge graph is either a

8- subgrnph , an l-s ubgraph, or the union of a 13 -subgraph and an

l -subgraph which are connected.

Lemma 4 .3

(a) Any connected subgraph consisting of s nodes has s— l

linearly independent edges, not including any edges

of type (ii).

(b) No more than one edge of type (ii) can be added to a

connected subgraph representing linearly independent

edges of ,‘i and have the new set of edges represented
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remain linearly independent.

Proof of Lemma 4.3:

(a) If the connected subgraph contains a loop, then by Lemma 4.2 it

contains at least one linearly dependent edge. Therefore, discard one

edge per ioop. The remaining subgraph is 1oop free and connected. By

Definition 4 2 it is then a tree. Also , by Proposition 4.4 it contains

s—l edges. It is not difficult to see that all of the edges of a tree

are linearly independent.

(b) By part (a) a connected subgraph with s nodes contains s-l linearl y

independent edges. But we may have not more than s independent edges

in a subspace of dimension s. Therefore , onl y one type (ii) edge may

be added. • Lemma 4. 3

We now proceed to determine the maximum number of independent

edges which satisfy Lemmas 4.1 and 4.3 (which embody the positive solu-

tion condition and the edge condition). The breakdown of 7 and B is
p p

as follows:

According to Lemma 4.1, there must be at least two independent

B -subgraphs in t3~, each of which does not contain an edge of type (ii).

Call these B -subgraphs 8’ and B” . Then by Lemma 4 .3 , the number of

linearly independent edges of 4 represented by these L3 -sub q r ap hs

are cardinality (B’)—l and cardinality (50)_J respectively.

In addition , we may have some B -subgraphs , each of w h l ( -h contains



_ — _  
- _ - - - _ - - -  -
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a type (ii)  edge . By Lemma 4 .3  each of these represents the maximum

possible number of linearly independent edges of 4, which is exactly

the number of nodes in the subgraph . Denote the collection of all

such subgraph s by B” . Then the number of linearly independent edges

representedy by 5” is cardinality (8” ).

Finally,  we must consider all of the 7 -subgraphs and the remaining

5 -subgraphs. From Theorem 4.3 we conclude that these subgraphs will

represent the maximum possible number of linearly independent edges

of 4 if each B~ —subgraph is connected to an I~~-subgraph by an edge of

type (iv) to form a connected subgraph. Denote the union of all these

subgraphs by ~~~~. Then the number of linearly independent edges repre-

sented by ~i is cardinality (~fl-l.

The above breakdown is depicted in Figure 4.6.

I B
p ~—_—-____________ 

p

~l ~2 ~3 ~l ~2 ~3 s’ s” B”
p p p

_____________ -___________________ -

‘I;
Figure 4.6 Edge Graph Which Satisfies Positive

Solution Condition and Edge Condition

We now tally up the total maximum number of linear independent edges of

4 represented by the above :
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maximum no. of
linearly independent
edges cardinality (8’ + B” + B” +~~ ) - 3

p p p

= cardinality (B u I ) - 3
p p

= n—3. (4.47)

But the edge condition requires that we produce n-2 such edges . Hence ,

our original assumption that .~~(Y , t , 13 ) contains more than onep p p
element must be false if Y contains an extreme point of 9.

(b) ‘1 does not contain an extreme point of 9

If Y does not contain an extreme point of 4, then it must lie on

some face  of 
~ 

whose dimension is greater than the dimens ion of H ft ).p p

This is so because if the face on which V lies is of dimension lessp
than or equal to that of H (t ) , then Y must be that face, and hence

p p  p

contain an extreme point of 9. Let the g-dimensional face of 9 on

which V lies be denoted F , where ii < g < n-i. See Figure 4.7.p 9 p

The geometry of linear programs tells us that any globally maxi-

mizing Hamiltonian hyperplane 11(t ) which contains must also contain

the tace on which it lies , namely F g~ Hence 11(t1)
) must contain the

~-1 dimensional linear variety in which F lies , cal l it H (t ). Now
g 9 p

H (t ) must contain H (t ), so that it has the form :q p p p

11 ( t ) :  )
~~( t ) y .  + ~~(t )y~ = ~~ A .(t )~~

0 
(4.411)

Ic _ _ I X . 18 x l
1 p 1. 1
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/

~~~

4 R 1
~~/ // / / ‘  4

Figure 4.7 Situation in Which V Does Not
p

Contain Extreme Point of 9.
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where y~ is the 1th component of any point in V
P 

and B’ C B . The

values of A ( t  ) for all x . C 8’ are now considered fixed . The global

Hamiltonian hyperplane must have the form:

11 (t): X .(t )y. + A .(t )y ,  + A .(t )y .

= A f t  )y° (4.49)
x.CI 

i ~~

‘p

where B’ U 13” = L3 . We shall once again proceed by contradiction. Wep p p

assume that .~~(Y , t , B ) contains two elements and we associate them
p p P

with the distinct H axniltonian hyperplanes H ’ ( t ) and H”(t ) whose

equations are given by

A i
(t )y. + X . ( t ) y .  s A ’ ( t ) y .

x E 7  X C B  x~~~81 Ii 1 1

= A f t  )y
0 

(4.50)
x C I  ‘ ~
i p

and

H ” ( t ) :  A ( t )y. + A ( t )y. + A~~(t )y.
x c I  x E B  x C B
1 p 1 1

= 

~~~ 
A~~(t )y°. (4.51)

If we pick any extreme point of F , say ~~ , we are assured that it lies

in H’ (t  ) 1) II” (t ) with U’ (t ) and H” (t ) as jiven in (4. 50) and (4.51).
p p p p
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Also, is an extreme point of 9. Therefore, we may proceed as in

part (a) with ~~ replaced by ~~ , I replaced by I U B’ and B replaced

by B”. The statements of the positive solution condition and the edge

condition are analogous to those of part (a). We are again unable to

produce more than n-3 edges of the requires type, thus contradicting

the assumption that .#iY~ , t , B )  contains more than a single element.

The case in which V does not contain an extreme point of 9 is corn-

plete.

The proof is therefore complete for the case in which L = B~~.

We have demonstrated the uniqueness of F(Y , t , L3 ). If L C B , butp p p p p

~ 5 ,  then

a +p
F(V , t , L ) = FlY , t , B ) n R ~ 

p
p p p p p p

a+p
where the basis vectors of R ~ p are the elements of I . There-

p-1

fore , F(Y , t , L ) is the unique element of .f(Y , t , L ).
p p p p p p

U Theore m 4 .1

In view of relation (4.52) and the fact that the constructive

algorithm calls for every state variable in B to leave the boundary

backward in time , we shall be interested in F(V , t , B ) in order top p p

determine all the leave-the-boundary costate values at the potential

boundary junction time t c (-~ , t +1). For the purpose of the current

discussion let us replace t by the running time variable T C

Then our geometric interpretation of the necessary conditions has the

-~
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global Hainiltonian hyperplane 11(T) lying on the unique (by Theorem 4.1)

L —positive face F(Y~ D t, B~ ) at every time T C (— ~°, t~~1
). Also , we

introduce one additional piece of notation.

Notation 4.2

cardinality (8) ( 4 . 5 2)

Let us now consider the case in which Y contains an extreme point
p

of 4. Call this point ;. Now , in order for all p state variables

in B to leave the boundary backward in time at T, we must be able to

have y. > 0 for all x1 
C 8 . Such points must therefore lie on

F(Y , T, 13 ). But at v we have y. = 0 for all x. C B and the only
p p ~-e 1 1 p

edges which involve changes in yj for x
1 £ 

are those of types (ii)

(iii) and (iv) detailed in the proof of Theorem 4.1. These observations

suggest the following condition:

Independent Edge Condition. At any time T , the unique

L -positive face F(Y , T , B ) contains ~ independent
p p p p

edges emanating from of either type (ii),,(iii) or

(iv) detailed in the proof of Theorem 4.1.

For reference, we now list the edges of types (ii), (iii) and (iv)

and deta[l what the requirement that the edges lie in 1l(i) implies

about the associated costates. First , we note that we are dealing

with a unique global Hamiltonian which contains F(Y , -i- , (3) at time T 

- - -~~~~~~~~~~~~~~~ _
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and express this as

11(T); 
x~~~ 

A .(T)y. + 
x~~~~ 

X .(T)y. = 

~~~ 

A .(T)Y
e (4.53)

T C ( — °~, t +1)

where y
~ 

is the ~~~ component of ~ evaluated at the extreme point ~~~~~ .

Util izing the fact that every edge under consideration must lie in the

Hamultonian hyperplane of (4 .53) we obtain the following costate rela-

tionships corresponding to edges of types (ii) , (iii) and (iv):

8
p
i

(i i )  y —~~~ X (-t ) = 0. (4.54)
J

B
p

(iii) 
~
‘
~~~~~

‘k 
—

~~~ X . (T) = Ak(~
t) (4 . 5 5)

13 7
p p

(iv) y .  
~
‘k 

A (T ) = A
k

(T)  ( 4 .56)

We now shall establish what the edge graph wil l  look like at a

given time -r in light of the independent edge condition . We make the

following claim and then justify it:

Edge Graph Characterization. Every B~-subqraph contains

an edge of type (ii) or is connected to an l —subgraph
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with an edge of type (iv).

The justification for the above assertion is as follows : con-

tains 
~ 

members, and by the independent edge condition it must contain

~ 
independent edges of type (ii), (iii) or (iv) . Now, any B -subgraph

containing r ’  members , where ~~‘ < 
~~~

, can contain no more than c-i.

independent - -iges of type (iii) by Lemma (4.1), part (a). However, by

part (b) of that lemma any B -subgraph of members may contain no

more than ~~ ‘ independent edges. Therefore , every B —subgraph must

contain a number of edges equal to the number of its members. This

may only be achieved by either adding an edge of type (ii) or connecting

the B -subgraph to an I -subgraph by an edge of type (iv).

We denote a B -subgraph which contains a type (ii) edge by

where the integer y ranges over the number of such subgraphs. The edge

graph corresponding to this situation is pictured in Figure 4.8.

_ _ _ _ _ _ _  _ _ _  _ _ _ _  

- 

I

~l ~2 7
3 

(32 ~3 ~1 ~2 ~~
• ,

p p p

Figure 4.11 Edge Graph Which Satisfies Edge
Graph Characterization
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For convenience, we have labelled connected B~- and I~ -subgraphs with

the sane superscript in Figure 4.8. Before continuing, we characterize

edges of type (v) in order to round out our understanding of the cc-

state implic ations of the edge graph.

I
p

Cv ) 
‘

~~~~~ 
—k. y.(T) y~~(T) (4.57)

We ~~~; return to consideration of some y . C B .  From the edge

graph characterization above we see that y~ is either a member of some
t

B or some B’~. We now examine these two cases:
p p

1~
-Y

•If y
1 C 

B ,  then from (4 . 54 )  and (4.55)  we have

A 1
(T) = 0. (4.58)

•If c B’~, then from (4.55)-(4.57) we have

A. (I) X (t ) (4 . 59)
1 J 

t

for any y. ~ 
~~~~~ where is the I —subgraph connected to Ba.

We now present two lemmas which together characterize the dynamic

costate behavior associated with single destination network problems

with all uni ty ~eightings in the cost functional. This characteriza-

tion will constitute the basic principle in the proofs of the subse—

quent results of this chapter.

____________ 
----- _ -~~

_ _
~~~~- -“~~~~.—j
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Lemma 4.4: Consider single destination network problems with all unity

weightings in the cost functional. Suppose all of the costates cor-

responding to state variables on boundary arcs achieve their leave-the-

boundary values. Then every costate satisfies exactly one of the

following conditions between boundary junctions:

A . ( T )  = A . (T)  = 0 (4. 60)

or

A C T ) = -l and A C T )  > 0 (4.61)
1 1

~~ T C ( _ X ~, t ).p+l

Proof:

We begin by pointing out that the supposition that all of the

costates corresponding to state variables on boundary arcs can achieve

their leave-the-boundary values shall be shown to be valid in the dis—

cussion following Lemma 4 . 5. Also , we make the assumption of Section

3.3.2.2 that once a state variable enters an interior arc it remains in

the interior backward in time. In Theorem 4.4 we shall show this H

assumption to be valid for the class of problems currently under con-

side ration.

Consider the case in which some x . C I .  Then by the assumption

that x
1 

remains in 7 as time runs to minus infinity and by (3.32)

we ha ve

A .  (r) = — l ‘v~ 1 ( —c” , t ).
I p+l
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We must also have X .(t  ) > 0, so A .(T) satisfies (4.61).i. p+l 1

On the other hand , consider the case in which some x. C 13 . Since
1 p

we are considering the leave-the-boundary values of the costates cor-

responding to state variables on the boundary, our geometric interpre-

tation has HIT) lying on the unique L —positive face F(Y~~ T, B )  at

every time T C (— ~ , t +1). See Section 3.3.2.2. Recall that Y~, is

the current set of operating points. Uniqueness is insured by Theorem

4.1. Note that we are considering the global Hamiltonian hyperplane

as in Theorem 4.1. Now, the values of the leave-the-boundary costates

at T are determined by the face F(Y , T, B )  on which 11(1) lies. But

as T runs from t~~ 1 
to minus infinity 11(T) rotates due to changing

values of A , (T) for x . C I . Theref ore , we are basically concerned
J J p

with investigating if F(Y , I, B )  changes with time, and determining

what is implied about the leave-the-boundary costate values. To this

end, we now divide the remainder of the proof into two sections as in

the proof of Theorem 4.1: (a) V contains an extreme point of • i,i and

(b) Y~ does not contain an extreme point of .4.

(a) V contains an extreme point of 9

Denote the extreme point by ~~~~~ . Then by the independent edge con-

dition stated earlier , F(V , t, 8 )  has t~ independent edges emanating

from ~~~~~~. These edges jre represented by an edge graph that has the

format of Figure 4.8. The leave-the-boundary values of the coi~t~i t c s

~tt r aro determined by the edge graph at T through (4 .5H) and (4.59).

_ - — — —  -

~~~

-

~~~

— —

~~~~~~~ 

—— —  

~~
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~~~~~~~
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We therefore wish to examine the time varying behavior of the edge

graph.

By the edge graph characterization we know that the edge graph

must maintain the format of Figure 4.7 as a function of time. We must

consider both the situation in which the edge graph does not change with

time and that in which it does change with time. The latter situation

must correspond to the disappearance of a set of edges and the appear-

ance of an equal number of edges elsewhere. We shall refer to the time

at which such an edge change occurs as an edge switch time , denoted by

T~ . Also, the times just before and after the switch (in backward

time) are denoted T
+ 

and T respectively .

We now return to our discussion of some state x. ~ B and examine
1 p

the behavior of A
~~
(t) as determined by the edge graph behavior as a

function of T. The situations to be considered are :

1) No switch in edge occurs.

2) A switch in edge occurs at and y. is in some B before

the switch (that is, at -t =

3) A switch in edge occurs at and y1 is in some B before

the switch (that is , at T = 1
+ )

We now consider the above situations one at a time :

1) No switch in edge occurs .

— If y~ 13 1 for some subgraph B~ , then A CT )  = 0 for all

t L (—co , t
÷1
) by (4.58). In th is  case condition (4.60) of the lemma

--
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statement is satisfied. On the other hand , suppose y .  C B~ for some
0.

subgraph 13 ~~
. Then A .(T) = A .(T) for any y .  C 1 

l
, where 1 is the

subgraph connected to Ther efore , condition (4.61) of the lemma

statement is satisfied.

I
2) A switch in edge occurs at I and y. C 13 1 at T = I .

5 1 p S

The possibilities for this case are:

+S r  = T :y. c B
S i  p

-
T = T :y. C b

S i  p

Here we are considering the Situation in which the edge switch

ty 1
causes the composition of B to change but that y~ remains a member.

Now , from (4.58) we have

A . (I) = 0 ~~ C (T~~ , t1 S p+l 
(4.62)

A - (I) = 0 Y I C (...~~, I~~)1 S

so that A . remains equal to zero on (-
~~, t~+j

).

+ 11S t  = T :y. C B
~~~~ 

p

— 
1 2

I = T :y. C S
S i  p

Once again , we apply (4.58) to obtain

A. (I) 0 ‘~~ I (T~~ , t1 5 p+l ( 4 . 6 3 )
A 1(T) = 0 ~~‘ ~~~~~~ 

T )

so that  \ . remains equal to zero on (-~x~, t ).
1 p+l
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r .  + 
+1

• T T  :y.
S i  p

+
T = I :y. C

S i  p

Equations (4.58) tells us that

A lT) = 0 ~~T c (T~ , t ) (4.64)
1 S p+l

and (4.59) says

A . ( T )  = A .(I) > 0 ~~ T C (—
~~, T )  (4.65)

3 S

where y .  C But (4.64) and (4.65) imply that A~ experiences a jump

of negative Sign forward in time across T .  But this contradicts the

fact that the costates may only experience positive jumps forward in

time by equation (3.36). Therefore, this kind of edge switch cannot

occur.

Summarizing the above situations, we see that if y1 is in some

+11
13 at any time ~r on (-~~~, t +i.) then A 1 remains zero on this interval .

This behavior suits equation (4.60) of the lemma statement.

2) A switch in edge occurs at and y. £ ~~
l at =

We begin with the following observation which results directly from

the fact that the Hamiltonian hyperplane H (I) rotates continuousl’i in

time :

Edge Switch Condition: Let i be the time at which the

edge graph switch occurs . Suppose the edge e
+ 

is replaced

_ _ _ _ _ _ _ _ _ _ _ _ _
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by the edge e at T . Then both e~
4 and e are in the edge

graph at

This situation is illustrated in Figure 4.9, where we depict the

hyperplane just before and after the switch of edges.

ii) 
C V 

- .l i l t

~ 1 L O C t  I on  L~ 1‘_l — -- - .. /
- . r ( I t a t

—
- 

- 
- 

- - -

- - .. -

9

F’  r . x  ,~ -~~ . 
‘ I  I. -~ :J~in U -  .usly ‘

~ 
- :t  • : •  I!~~; ~ 1’ .~~~, L , I 1  lfy~-erp l~~i’

The poss ib i l i t i e s  for  t h i s  case are :

-i
+ 1

• t t5 :y1 i 13

~ (3
1 

-~~-~~-—---~~-- _ _ _ _ _ _ _ _ _ _ _ _
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This corresponds to the situation in which a member is added or

removed from B . From (4.55)—(4.57) we have
p

A .(r) ~~ T C (I
f
, t~~1

)

A .(T) ~~ T C (~~co , T )

For any y. C I~~ Therefore

X . ( T )  = A . (I )  ~ I C (_co , t ). (4 .66 )
1 3 p+l

With the assumption that states on interior arcs remain on interior

arcs as I runs to minus infinity , we have from (3.32) that

A (t  ) > 0
P+l (4.67)

and A (t) = — l ~ I C 
(_ co, t ).

j  p+l

Equations (4.66) and (4.67) imply

X . (-t) > 0

•
1. (4 .68 )

and A ( I )  = —l ‘c~ I ~: ( -‘u, t ).i p+l

= I~~:y. 3 1

CL ~~~U
— 

0.2 1 2
I I :y. £ B

~

Then from (4.55)—(4 .57) we have

= A .  IT) ~“ C (
~~~~, t )

I S p+l

~ (r) = A. (:) V - t  i (— ‘•- , I )
I. 1 , S

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ 
-.
~
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for any y. C 
0.
1 and y. C J

0.
2
• But the edge switch condition says

~i 
p 

~2 P
that at the time of switch T , y, C B and y. £ B . Consequently,

by (4.69) we have

A .(I ) = A . (T ) = A . (I ). (4.70)
1 S S $

Once again invoking the assumption that states that interior arcs

remain on interior arcs for all I C (—°~, t ) ,  we havep+l

= A . (T) = —1 ~ I C (— ~ , t~~ 1
) (4.71)

and

A . (t )> O .
Jl ~~~

Equations (4.69)—(4.71) imply

A . ( t )  > 0
1 

(4.72)

X .  (I) = —1 ~~ I £ ( —‘n, t )
1 p+l

+ 
0.
1

I T 5
:y~~ L B ~

The edge switch condition says that both of the above edges are in

effect at switch time Under this circumstance , equation (4.58)

tells us that

A C T  ) = 0 (4.73)
1 S

and (4.59) says

—. .—-—-.--— .--- _____ •_ _ —— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



~~~~~~~~

- -
~~~~~

----—- .- -— .- - --- - - - - - -----

_ - .

~~~~~,

—252—

A.( t ) = A l t  ) > 0 (4.74)
1 5  3 $

0.
1

for some y. c i
3 p

Since (4.73) and (4.74) are in contradiction , this kind of edge

switch cannot occur.

Summarizing the above situations , we see that if y
~ 

is in some

at any time I C (-~~, t~~1
), them A . (T) = -l and A . (I) > 0 for all

I c ~~~~~~~ t 41). This behavior suits equation (4.61) of the lemma state-

ment. Hence, the lemma is proved if V contains an extreme point of 4.

(b) V does not contain an extreme point of 
~

We take the same approach here as in part (b) of the proof of

Theorem 4.1. The solution set V lies on some face of 9, call it F
p g

of dimension g, where 0 < g < n-i. Refer to Ficjure 4.7 . Following

the reasoning of that section, we now have the global Hamiltonian

A .(I)y, + A ( I ) y .  + A .(I)y.
X C I  ~ ~ x . C3’ ~ x.CB” 1 1

1 p 1 p 1 p

= ~~~~~A C I ) y ( 4 . 7 5 )

where ( 3 ’ U  B” = B .  If we now pick any extreme point of F , say ~~~~, we

may proceed as in part (a) of this proof with replaced by 
~~~

replaced by B” and the edges corresponding to 8’ fixed (since these are

the edges of the invar ian t  face F upon which V l ies) . We are aga in

- - ~~~~~~~~ ~~•- -.-.-~—-—•.—.--.-——--.- —— -.- ~~- - ~~~~~~~~ -— ----- ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ -.--- - - 
-
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able to show that in the face of all possible switches in edges , the

costates behave either as in (4.60) or (4.61). •Lemtna 4 .4

Now , statements (4 .60)  and (4 .61) of Lemma 4.4 imply that the

costate trajectories on (_co , t~~1
) appear as in Figure 4.10.

Lemma 4.5: Consider single destination network problems with al l

unity weightings in the cost functional. Suppose all of the costates

corresponding to state variables on boundary arcs achieve their leave—

the—boundary values. Then the costates do not experience jumps across

boundary junction times.

Proof:

As in the case of Lemma 4.4 we point out that the supposition that

all of the costates corresponding to state variables on boundary arcs

can achieve their leave-the-boundary values is shown to be valid in the

discussion following this proof.

Consider now the boundary junction time t~ C (-a’, t +1
) at which

the state variables in L leave the boundary backward in time. Then
p

for I C [t , t )  the set of state variables on the boundary is B
p p+l p

the set of states in the interior is I and the i—space solution set

is V . Likewise , for I C (— ~~, t ) those sets are B , I and V
p p p-1 p-1 p-I

respectively.

Now , consider some x.  £ 1 .  Then by (3.2.’) does not experience

a jump at t~ .

____________ -~~~~~~-—- - .
~~ — —~ —~~~~- ---
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A . for all ~~~ C I
1 1 P

and for some x.C B

A . for some x~ C 8
1D 

I

t

tp+l

Figure 4.10 Costate Trajectories Implied by Lemma 4.4

_______________________ —- —-—-.—— 
.— ~~~~~~~~~~~~~
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Consider now some x.  £ B . If x.  c L , them by hypothesis A ( t
1 p 1. p 1 p

is at its leave—the—boundary value. Therefore, no jump in A 1 is exper-

ienced when x . leaves the boundary. On the other hand, suppose

x . C S IL , that is, x . C S . In this case ) . is determined by the
i p p  i p-i 1

face F(Y , t , B ) on which H(t ) lies. We now claim that
p-i p p-i p

F ( Y  , t , B ) = FlY , t , B ). (4. 76)
p-i p p-i p p p

To verify (4.76) we first note that by the continuity of the Hamilton-

ian, the solution set V lies on F(Y , t , B ). Also, by definition
p-i p p p

FlY , t , B )  is the B —positive face of 4 with respect to V and

H(t ). Therefore, since B C 13 , F(V , t , B ) must also be the
p p-1 p p p p

B~ .1_PoSit1ve face of -9 with respect to Y~~1 
and H(t). The preceding

statement is equivalent to (4.76). As a consequence of (4.76) we have

that A. for x. C B does not change across t . This completes the
1 i p-1 p

proof that no costate jumps across t. U Lemma 4.5

We conclude from Lemma 4.5 that across the boundary junction t

all the costates continue to propagate backward in time as in Figure 4.10

except for the following cases:

( i )  A . ( T )  = 0 for I C (t , t ) and x .  is 1eav~ ng the
1 p p+l

boundary at t • In this case A C T )  = —l fol I C (-
~~~, 

t ) .
p 1 p

(ii) A .(t) = 0  for I £ (t , t ) and x. remains on the
1 p p+l 1 —

boundary but the leave-the-boundary value of A (i),

~~~~~~~~~~~~~ 2 - T ~~ 
L~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ - ~. 

- - 
—.-.. 

-~~~~~~~
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S T £ (— ~~, t ) ,  dictates that A CT) = X . ( I)  for
P 1 3

some A . satisfying case Ci) above. In this case

X .(I) = A . (I) = —l for I C (-°~, t ).1 :i p

The picture of the costate behavior across the boundary junction time

is presented in Figure 4.11. Note that the set of x . satisfying Ii)

and (ii) abo~ e are not dependent upon the boundary junction time t .

We now combine the results of Lemmas 4.4 and 4.5 into a general

description of the costate trajectories. Consider any backward optimal

trajectory corresponding to some sequence of state variables leaving

the boundary backward in time at a series of boundary junction times.

Then if all boundary costates achieve thei r leave-the-boundary value ,

then each costate A. satisfies the following trajectory :

A.(I) = A . (T) = 0 ~~ I C (t., t f )

(4 . 77)
A .  ( I)  = -l ‘~ I C (- , t . )
1 1

where t. is one of the boundary junction tines between (an d possibly

including) tf and the time at which x1 leaves the boundary. A typical

set of costate trajectories for a backward optimal trajectory is

depicted in Figure 4. 12 .

In Lemma s 4 .4 arjd 4.5 we make the supposition that oil boundary

costates can achieve their leave—the—boundary values . We now verify

that supposition . In (4.77) we describe the trajectory which must be

___________ 

.-- -
~~~

.—
~~~

- -——
~~~~~

.. , -
~~~

-— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~.: , -
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A
— 

A . for all x . E i
1 1 p i

and for some x . £

i sfy i (i~~~~~~~~~~~~~~~~~~

p p+l

Figure 4.11 Costate Trajectories Implied by Lemma 4.5

- . .  
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A

— l

t
t f 4  t f 3  t f 2  t f 1  t f

Figure 4.12 i’yr ical Set of Costate Trajectories

~ 
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satisfied by any costate in orde r that all boundary costates are main-

tained at their leave-the-boundary values. The required trajectories

bear the following relationships between boundary and interior arcs

(see (4 .77)):

( 
X~~(-t ) = —i

~ x . ( T )  = 0 or (4.78)

t. A .(t) = 0

~~ x . (T)  > 0 A . (I) = -l (4.79)
1 1

Since c~. = 1 for all x1, then (4.78) and (4.79) satisfy the necessary

conditions (3.32)-(3.34). Therefore , the leave-the-boundary values of

the costates can be achieved by costate trajectories which satisfy the

necessary conditions.

Lemma 4.6: The set of optimal controls does not switch between boundary

junction times ; that is , there are no break points between boundary

junctions.

Proof: In accordance with the necessary conditions (inc luding  those

satisfying the constrained minimization ), all optimal controls must be

a solution to the global minimization

u*(T) = ARG MIN A
T
(I)x(T) (4.80)

u
~

U

pointwise in for all ~ ~ [t0~ t~ J . Consider the typical control

variable u. for a single destination network . Since u. enters into

- - 

ik ~~~~~

-. 

ik 
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either o~.a or two state dynamic equations in the fashion of equations

(4.6) and (4.7) respectively, then the term of X
T
(T)x(T) which involves

u. is
1k

(A CT) — A . ( i ) ) u . (T) (4.8]~)k 1 ik

where we take A
k = 0 if node k is the destination . The constraint

associated with u k is simply 0 < Uik 
< C ik . The optimai control is

then

C . if A (I )  — X .(I) < 0
ik k

u* (I) = 0 if A (I )  — X . (I) > 0 (4.82)
k 1

(0, C i
k

l if X
k
(I) — A l t)  = 0

~~ (i ,k) C L.

The optimal control therefore depends only on SGN(A
k
(T) - X .(r)). But

from Lemma 4.4 we see that SGN (A k
(I )  - A .(I)) remains constant on

(—s’, t +1
) if no state variables leave the boundary on that interval ;

that is , sGN(A
k
(T) - A l t ) )  is constant between boundary junction times .

Consequently , the set of optimal controls does not switch between

boundary junct ions.  U Lemma 4 . 6

From Lemma 4.6 we know that for the class of problems under con-

sideration all feedback control regions are of the non-break variety.

Theorem 4.2

For single destination network problems with all unity weightinqs

in th .- cost functional , there is on~ uuhr eq ion 1-c r roqi n with re~.q c i .
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to any set of state variables leaving the boundary.

Proof:

Consider the feedback control reg ion ,

~~~~ 

constructed from the

optimal solution on (-.
~~, t~~1

). Also, let be the set of state

variables which we choose to allow to leave from ~~ backward in time,

where L C B .  According to Lemma 4.6, the optimal trajectory asso-

ciated with the state variables in L leaving .
~~~ 

backward in time,does

not experience a break as time runs to minus infinity . Denote by ~~~

the single set of optimal controls corresponding to the trajectory.

Then according to Definition 3.8 we must show that the state variables

in leave with the same set of optimal controls ~~~ from every point

in 
~~~

‘ . This is equivalent to showing that the set of optimal controls

associated with the state variables in L~ leaving the boundary is

the same for every boundary junction time t £ C- ” , t +1). Note that

we need not be concerned with the comn~~n breakwall stipulation of

Defini t ion 3. 8 since there are no breakwalls.

We begin by noting that

G 8 1
= fl ~2 ~ (4.83)

where

is the set of optimal controls with which the state

variables in L leave ,~~~~ backward in time and that
p p

keep the state vari ables in 8p-l on the boundary, 

-- ..~~~~~
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is the globally optimal set of controls associated

with the state variables in L leaving ,~~ backward

in time,

and

~ p—l is the set of all controls which keep the state

variables in B on the boundary.p-l

3
Now, ~l 

p-i 
is time invariant. Therefore, if we can show that is

the same for any t C (~~ 0o , t ) ,  then the desired iesuit is obtained.p p
~
l

To this end, recall that is given componentwise by (4.82) where

T C (-‘n , t). From Lemmas 4.4 and 4.5 we conclude that SGN(A
k
(T) -

A .(r)) is the same for all T C (~~ 0~~, t ) and all t C ~~~~~ t ). This1 p p p-1

observation coupled with (4.82) give us the desired result.

U Theorem 4.2

Theorem 4.3

For problems involving single destination networks with all unity

weightings in the cost functional , any solution to the constrained

optimization problem (of Operation 1, part (a)) is also a globally

minimizing solution.

Proof: Let us assume that V is a set of 0 —dimensional operating

points which maximizes the restricted Itamiltonian hyperplane 11 (T)

with respect to the restricted constraint figure 4 at tine I. In

section 3.3.2.2 we identified the following demonstration of global 
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• optimality of at T: Find values of A
~~
(I) for x1 C l3~, such that

H(T) is maximized over 9 at V , that is, values which rotate the global

Haxniltonian hyperplane H(t) about H~ (T) until H ( T )  becomes tangent to

9 at V .  In the discussion following Lemma 4.5 it was established

that values of the boundary costates can always be found which bring

H(T) tangent to F(Y , T, B). Consequently, H(T) may be brought tan-

gent to &since FlY , I, 8 )  is a face of 9. U Theorem 4.3

The following theorem is the final result of this section . It is

equivalent to saying that there always exists a solution which does not

call for the return of state variables to the boundary backward in time.

Hence , the assumption made in the beginning of the proof of Lemma 4.4

is valid.

Theorem 4 . 4

For problems involving single destination networks with all uni ty

weightings in the cost functional, there always exists an optimal con-

trol which has x . < 0 for all x . .
1 —  1

Proof: Suppose that x. leaves the boundary backward in time at t 41 as

a member of some L
~ +1

. Then x. leaves the boundary with some optimal

slope

= b.u + a. < 0 (4.84)
1. —1--p i

where b. is the 1
th 

row of B and u is an optimal control which applies
—1 — —p

on C- ” - , t
~÷i

) if no other state variables leave the boundary backward 

- --- .- --
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in time. We shall now show that given by (4.84) remains optimal on

—°‘, t~~1) even if other state variables leave the boundary backward in

time on that interval. This property holds no matter what sequence of

states leave the boundary . Suppose that the state variables in

leave the boundary at some boundary junction time t < t~~1
. See

Figure 4.13 . Let us now examine the optimal values of the controls

which enter into x’. Consider the typical control variables u
~ k and

u i.. , where u .k represents those contro l variables on links outgoing

from node i and 
~~~ 

represents control variables on links incoming to

node i. Then the terms to be minimized corresponding to these control

variables are

(A ( I )  —
k i.

and (4.85)

(A lt) - A (I) ) u
1 9~i

where I L (t , t ).p p+l

Now since x CI) > 0 for I ~ Ct , t ) then A ll) > 0 for I C It ,t ).
1 p p+l 1 p p+l

We begin by considering u .k and the following two possibilities :

(i) A k
(I) — X

~~
(T) j~ 0 for I C Et , t ÷1).

Then the optima l value of u . on Ct , t ) is
p p.s-l

* 

C ik if (A
k
(r) — A

~~
(1)) < 0

U
k 

= (4.86)
1 

0 if (Xk (I) 
— A~~(~~)) > 0 



--~~~~--- -— —- ,--.~~~~
—----—- ,-.— .

—265—

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
t

Figure 4.13 state Trajectories for Proof of Theorem 4.4
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T C Ct ,

But from (4.77) we know that SGN(A
k
(T) — X .(T)) is constant for

I C (—°~, t +1) irregardless of which state variables leave the boundary

on that interval. Therefore, the control in (4.85) is optimal on

T C (-°°, t +1) irregardless of which state variables leave the boundary

on tha t intt val.

(ii) A
k
(T) — A CT) = 0 for I C C t ,  t~~ 1

)

Then the optimal value of u . on f t  , t ) is any value
ik p p.1.1

0 < u .k < C ik which together with all the other controls keeps the

state variables in S on the boundary. But by (4.77) and the fact that

A - (I) > 0 for t C Ct , t ) we conclude that A Ct ) — A . (I) = 0 for
p p+l k 1

all t ~~
-‘.=, t +1) irregardless of which states leave the boundary on

that interval. Therefore , if we consider the interval (t , t ) ,  then
p-1 p

the optima l value of u . on Ct , t ) is any value 0 < u. < C . which
ik p-l p — ik— ik

together wi th  all the other costates keeps the state variables in

on the boundary . But since 
~~~ 1 

C 5 , any optimal control on (t , t +1
)

which keeps the state variables in 8~, on the boundary must also be an

optima l control on Ct , t ) which keep the state variables in 5 on
p+l p p-1

the boundary. Therefore , by induction on all possible time intervals

backward in time corresponding to state variables leaving the boundary

wc may conclude that the optimal value of U .k on Ct , t +i
) is optimal

tar all t C C— ”, t )
p+l
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Arguments (i) and (ii) above also pertain to u~~ . Consequently,

for any control variable which enters into the equation for x1 we have

that any optima]. value for T C It , t +1) is also an optimal value for

all T C (—‘°, ~~~~~ We conclude that is optimal for all

t C C —”’, t
~÷i

). U Theorem 4.4

4.4 Computational Algorithm

In light of the results of Section 4.3, we are able to construct a

computer algorithm which realizes the backward constructive algorithm

of Chapter 3 for the special case under considerat ion. We begin by

making the following observations:

• By Theorem 4.1, the leave-the-boundary value of the costates

are unique and g iven by the coefficients of the global Hamiltonian

hyperplane which lies on the B -positive face. Therefore, all we need

do to determine these costates at some boundary junction time t~ is

to rotate H ( t  ) about H Ct ) until  it touches F(Y , t , B ) .  We shallp p p  p p p

denQnstrate a technique for this shortly.

•Suppose we have a set of state variables I off the boundary as

we are working our way backward in time on an optimal trajectory. Then

the rule for the execution of the basic step (see Section 3.3.2.2) calls

for allowing the members of L to range over all possible subsets of B

at the boundary junction time t .  Now,from Theorem 4.2 we realize that

t may be any time on (-“, t~~~1
) so that we may a rb i t r a r i ly  take
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t = t - 1. Furthermore, Theorem 4.3 tells us that each of the setsp p+l

of state variables leaving the boundary corresponds to a globally opti-

mal solution, so that the test for global optimality (Section 3.3.3.2,

Operation 1, part (b)) is not required.

•Consider a particular set of state variables L leaving the

boundary at some boundary junction time t~ . Then the initial set of

controls corresponding to this situation persists to time equals minus

infinity without a break according to Lemma 4.6. Therefore, we need

only perform the constrained optimization problem once on (-~ , t~ )~ so

that we may arbitrarily take the time at which it is performed as t~ _ 1.

Moreover , every feedback control region constructed is of the non-break

variety of Section 3.3.3.3.

•Theorem 4.4 tells us that no state variable is ever required by

optimaiity to increase forward in time. Therefore, if we consider only

those trajectories for which x3 (t) < 0 for all x3 and all t , them we

shall never have state variables returning to the boundary backward in

time.

Now , the second observation above says that  in order to be certain

that we will fill up the state space with optima l controls , we must

allow all possible combinations of state variables to leave the bound-

ary in all 1.os~ jble orders. Furthermore, we are guaranteed that all

of these sequences of state variables leaving the boundary will corres—
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pond to optimal trajectories. As pointed out in Section 3 .3 .2 .2 , by

allowing all possible combinations of state variables to leave the

boundary we are being conservative and will probably be “writing over ”

previously constructed feedback control regions on occasion. At any

rate , by the final observation above we may list a priori all of the

appropriate sequences where the departure of the state variables from

the boundary may occur in intervals of one unit of t ime .

Example 4.1

Consider a network with three state variables x1, x2 and x3. Then

the sequences are (state variables enclosed in the same parentheses

leave the boundary simultaneously):

tf2  tf_1 tf tf2  tf 1  tf tf_2 tf 1  tf

x
3 

x
3 

x
1 

x
2 

- x
3 

(x
1
,x

2
)

x
2 

x
1 

x
3 

— (x
1,x 3

) x
2 

— x 2 (x
11 x3)

— (x
1
,X
2) X

3 
X
3 

X
1 

— x
1 

(x
2
,x

3
)

x
1 x

3 
x
2 

x
2 

x
3 

x
1 

— — (x1, x2 ,x3)

— (x
2
,x

3
) x

1

A typical trajectory appears as in Figure 4.14 .

•Example 4.1

The complete algorithm consists of performing all of the possible

backward trajectories as in Example 4.1 and constructing the associated

non-break feedback control regions. In order to describe the computa-
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x

X
3

x 2

~~~~~~ t
tf )  1 tf 1  1 t

f

Figure 4.1 4 T ypi~~, ’. Backward Trajectory for Example 4.1
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tional algorithm we will follow one particular optimal trajectory back-

ward in time from t
f 
for a few steps. In the course of the discussion

we will demonstrate the metho d by which the leave-the-boundary costates

may be determined.

Several Steps of the Computational Algorithm for the Construction

of the Feedback Space

•Step 1

• Operatio n 1

Ci) Start at tf.

(ii) Pick L f C 5 .~. The n I
~ ~ 

= L f
. See Figure 4.15.

(iii) By Corollary 3.2, A. (t ) = 0 ~ x. C L
i f i f

(iv) Arbitrarily set t
f 

- tf 1  = 1.

(v) A i
(t f_1) = 1 ~ x. ~ L f

.

(vi) Solve the following constrained optimization problem

for all extremal solutions:

= ARG MIN 
~~ 

A~ ( t
f1

)b
UCU X

1
CI f 1

= ARG MIN ~~ ( l ) b T ( u )  (4.87)
ucLJ x.cI
— i f — I .

subject to b’
~
’u < —a . ~ x . C I (4.88)

—1~~~-~ 1 j. f—i

bTu = -a . ‘~
- x 8 ( 4 . h~ 4 )

—1— 1 1 (—1

where b~ is the row of B . I~en a t ,  . 1  ~~UI  l a i .
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x

1
1 2

L L = I
1- —I  f f—i 

.
~~~

6
f—2 f—i
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t

I A for all x . C L
1. i f
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/ 

f some x - 

1
E. ~

‘
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~~~~~ 
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- ~. ¶. h( ~ ()I 1] at at i : .
- . 1 - . r i ’ ..i



~
- -

~~~~
--

~~~ 
——- ~~~~~ - 

-u,

—2 73—

set by C~f 1
. We have used the notation 

~
2
f 1 

instead

of the usual to distinguish this non-break optimal

control set from those subsequently obtained in this

discussion. By Theorem 4.3 we know that is globally

optimal.

•Operation 2

(i) Form the set of ray s V
f 1  

which corresponds to 
~
2
f 1

in the sense of Definition (3.10).

(ii) Construct the convex polyhedral cone

= Cob UV11)/O. (4.90)

is a non—break feedback control region with

associated optimal control set

At this point we prepare for Step 2 as follows :

• Determination of the Leave-the-Boundary Costates

We shall require the values of A .(tf 1
) for all x

1 
C 5

f-l~ 
These

are the values of the coefficients of the hyperplane H(t
f 1

) which

cause it to lie on the face F(Y
1 1

, t11, Sf ~
) of .-#,# , where

corresponds to Qf 1  
obtained in Step 1, Operation 1, part (iv) above .

By (4.77) we know that

A C t  )= 0
i. f—l

‘ix . c B
or A .(t f 1 ) = t

f 
— t

f 1  = 1 ~

In order to determine the appropriate value , we rotate the global

- - .

~

- . .~~~~~~~~~~~~~- “ -  ~~~~~~~~~~~~~~~~~~~~~ -~~~~~ .-
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Hamiltonian hyperplane H(tf 1 ) about the hyperplane H1_1 (t1_1) until

it touches the face of F(Y
1 1

, t
f 1~ 

5
f l~ 

while holding A(t f 1 ) con-

stant for all x. C L
1. We may achieve this rotation by the following

algorithm. Denote by x,, x , • .., x all the members of B
2 

~f—l 
f l

(i) S e t k = l .

(ii) Release the constraint = 0 temporarily by adding a

slack variable Z
k 

> 0 to the appropriate equation of

(4.89) in the following fashion:

T
U + Z

k 
= 
~
a.K (4. 91)

The variable Z
k 

is now a non-basic decision variable of

the linear program (4.87)-(4.89). By (4.91) we have

Z
k 

= X
k 

(4.92)

Note that X
k 

= 0 for any solution to (4.87)—(4.89).

(iii) Adjoin the term

A
k
Ct
f l

)x
k = _A

k
(t

f 1
)1
k 

(4.93)

to the cost function (4.87). The new linear program is

now

= ARG MIN 
[ 

~~~~~~ (l)b~u 
- A k (t f l )zj 

(4 .94)
ucLJ x .C7 1 1  J

sub jec t  to b
’
~
’
u < -a Y x . L C 4 . 9 5 )

—i— — 1 i f

= -a . 
~ ~ i ~ f.4 k k (4.9 -

+ Z
k 

= (4.07)

~ 

- .
~~~~

-.
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(iv) Set Ak (t f l
) = 0.

Therefore , any solution to (4.87)— (4.89) is also a

solution to (4.94)— (4.97).

Cv) Start with any solution to (4.87)-(4 ..89). Holding tf 1

fixed , solve ( 4 . 9 4 ) — ( 4 .97) parametrically in A k
(t

f l
)

for A
k
(t
f l
) increasing linearly. Stop when a change in

extreme point causes Z k to enter the basis with a strictly

positive value (a degenerate pivot in the parametric pro-

gram may cause Z
k to enter the basis with zero value) .

When is strictly positive then is strictly negative.

We have therefore caused the hyperp lane H ( t
11

) to lie on

E’
~~

f_1
~ 

tf l , xk ) .

(vi) Return to the original solution of (4.87)-(4.89) chosen

in (v) by performing reverse pivots from those executed

in the parametric program.

(v i i)  Set k = k+l.

(viii) If k > 
~f—l 

go to (xl.

(ix)  Go to ( i i ) .

Cx ) End .

Upon the completion of the above algori thm we have caused the

g lobal }iamiltonian hyperplane 1-1(t1 1) to lie on F ( Y f_ 1 1 tf_1 ? x1),

F(Y
1 1 , t1 1 , x

2
),..., F(Y

1 1
, tf 1 ~ 

x
c

). But by Theorem 4.1 we

know that .‘~.l(Y f 1 l t
1~~

, 
~f 1~ 

contains the single member F(Y
1 1 , t1 1 ,
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8
f—l~

• Therefore , H ( t
fj ) must be lying upon F(Yf 1~ tf_ 1 1 Bf _ ~~) and

•.., A~ (tf 1 ) must be the appropriate values of

the leave—the—boundary costates at t
11 .

• Step 2

•Qperation 1

Ci) Start at boundary junction time tf1 .

(ii) Pick L~~ 1 
C 

~f l~ 
Then 1

f—2 = L f  U L
f 1 . See

Figure 4.14.

(iii) A C t
1 1 ) t

f 
— t

11 = 1 Y x .  C L
f

A
i bt f l ) = (leave—the—boundary value determined at tf 1 )

k’~ x . C L
i f—l

(iv) Arbi trar i ly  set t f 2  
— tf 1  = 1.

Cv ) A . Ct ) = 2 ~ x . c L
1 f—2 1 f

A~~(tf 2 ) = A C t
1 1 ) + 1 x. C L

f 1
.

(vi) Solve the following constrained optimization problem

for all extremal solutions:

= ARG MIN 
~~~ 

A
~~
(t1_2 )~~~~ (4.98)

u~LJ x~CI 1 2

subject to bTu < -a . ~ C 1 (4.99)—i— — i 1 1—2

b~ u = -a . ~ x . ~ 8 (4.100)—1— 1 i f— 2

Denote this solution set by 
~~~~~ 

By Theorem 4.3

is g lobally optimal.
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•Operdtion 2

(i) Form the set of rays Vf 2  which corresponds to 
~ f 2

in the sense of Definition (3.10) .

(i i)  Construct the convex polyhedral cone

~~f—2 
Co(~~ 11 U Vf 2 )/,~qf 1  

(4.101)

where ~$f’f 1  is given by (4.90). 
Then isa non-

break feedback control region with optimal control set

• Determination of the Leave-the-Boundary Costates

We determine the leave-the-boundary values of )t
~~

(t 1_2 ) for all

x. C 
~f-2 

using the parametric programming scheme detailed following

Step (I ) .

The extension of the above steps to include the general step at

boundary junction time t~ is a trivial exercise in notation and shal l

not be presented here . All of the linear programming manipulations

called for in the algorithm are readily performed by available linear

programming packages with the exception of the calculation of & I

extremal solutions. A program utiliz ing Chernikova’s algorithm

(described in Appendix A) was devised for this purpose.

Example 4.2

A computer program was devised to implement the above al gorithm
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for a fully connected five node single destination ne twork (a total of

4 state variables and 16 control variables). For this situation, com-

plete execution of the algorithm calls for approximately 190 steps.

All operations in the program performed with acceptable efficiency (with

regard to speed of computation and storage requirements) with the

notable exception of the program which calculates all of the extremal

solutions. ~...e poor efficiency of this program rendered the complete

execution of the algorithm an impracticality . •Exainple 4 . 2

4.5 Extension to General Network Problems

In this section we indicate how the geometrical approach used in

this chapter may possibly be applied to the further development of the

backward constructive algorithm for problems involving multi—destination

networks with arbitrary weightings in the cost functional. In particu-

lar , we must cope with the four complicating properties discussed in

Section 3.3.4. We present in Section 3.3 .3.2 the geometrical interpre-

tation in ~—space of three of these problems (global optimality , leave—

the-boundary costates , subregions) . For those cases , the discussion

centers around the constraint figure ~i , for which we do not have an

explicit representation . In particular , we talk about a particular

class of faces of 4 which lie adjacent to current operating points —

these are the so—called “L —positive faces. ”

C u r r e n t ly, we possess no method fur obtaining explicit knowledge

of these faces for the general multi—destination network problem . Let

— —— _____•_ss.-l
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us now describe our dilemma in more specific terms . Assume for the

sake of argument that the current set of operating points is Y .  Then

for any potential boundary junction time t C (-“ , t~~ 1
) we wish to

know the set of faces •~~(Y , t , B ) ,  actually, we require the hyper-

plane in which each of these faces lies. Now , further assume that V

contains an extreme point of 9, call it ~~~~~~. Then some subset of the

set of edc7es of ~i emanating from determine the required hyperplanes.

The questions now becomes : (i) what is the set of edges of y emanating

from y and Ci i)  which edges among these represent the required hyper-

planes?

We begin our examination of question (i) by extending to general

multi—destination networks the description of edges presented in

Section 4 . 2  for single destination networks. Once again, we examine

the form of the control constraint f igure D u < C. For the link con-

necting node i to node k the appropriate constraint equation is

u~ +u~ +.. ~~~~~~~~~~~~~ .+u~ +. . .+uN +z. = C . (4.102)
ik ik ik ik ik ik ik ik

z . > 0

where we have adjoined the non-negative slack variable Z ik~ 
In (4.102)

the control variable uk is termed a Lirect  control and all other con-

trol variables are re ferred to as indirect  controls (D e f i n i t i o n  4 . 3 ) .

Note that there is exact ly one direct  control per link. Now , the corn-

plete set of equations of the type (4 .102) corresponding to ! ~ ~~. £

has the fo rm:
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u+u+.. .  +z = C

u+u+ ... +z = C

r ~~~~~~~~~ +z . = c .

u+u+ . . .
+1 = C

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~m r
(4.103)

where we have eliminated all subscripts except for ik to avoid nota-

tional havoc. Recall that r is the number of links and m is the dimen-

sion of the control vector. Now , notice that each control variable

enters into exactly one equation in (4.103) ; hence , (4.103) is immedi-

ately in canonical form with respect to any set of r variables chosen

(either U u s or z ’s) to be basic. For instance , if we consider the

row corresponding to C ik, then we pick 1
ik 

or some control u
~k 

(j ~ i)

to be basic and set its value equal to C
ik 

and the value of the re-

maining variables to zero . We do this for each row. Note that since

C > 0 , every basic solution to (4 .103)  automatically has u > U.

Therefore , every extreme point of U is represented algebraically

by a point whose ik coordinate has value of either zero or C ik . Move-

ment along an edge of U is equivalent to picking one variable which

is currently basic at value Cik 
(either some u?

k~ 
j~ i, or z ik ) and re-

placing it in the basis by one of the remaining variables. The possible

joints which may occur are : 

~~~~~~~ - , - -
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1) direct control exchanges with slack on link ik

2) intermodiate control exchanges with slack on link ik

3) direct control exchanges with indirect control on link ik

4) indirect control exchanges with indirect controls on link ik.

Notice that there is no pivot between two direct controls since there is

exactly one direct control per link . Now, the edges corresponding to

pivots (1) and (2) above are those of Type 1 and Type 2 detailed in Sec-

tion 4.2. We now characterize the following types of edges of 9 emana-

ting from 
; 

corresponding to pivots (3) and (4) above :

Type 3 - Exactly three coordinates of ~ change from their

values at ;. This edges corresponds to an edge of Li for

which a direct control and an indirect control change

places in the basis. From equations (3.38) and (3.162) we

see that the possibilities are:

k
1k  1k  AY1 = _ C

ik
lii . = C . . lU 0
~ ik ik pivot 7 1J~. Jc . . —~~~~~ ~y. = C .

1 ik
~ 

U
k 

= 0 
~
Uik = Cik 

Liy~ = -C .k ik

k
1 k  1 k  ~

Yi Cjk
l u = 0  . ~u . = C
~ ik pivot ~ ik 1k ___ = -

~~~~,

I u ~ = c . ~~ = 0  
ik

‘,, ik ik 1k -
- 

p _ -I 
—— 

ik

where ~~~~ Ay~ and Ay~ indicate the change in the respect (ve 
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coordinates of i when moving from one end to another of an

edge.

Type 4 - Exactly four coordina tes of ~ change from their

values at ;. This edge corresponds to an edge of U for

which two indirect controls change places in the basis.

From equations (3.38) and (3.162) we see that the possibili-

ties are:

2.
= C .

~
u
~k 

= C
ik pivot 

{u
~k = 0 = 

~~ik

U ik = 0 U ik  = 
~ik ~~k 

= _C
ik

LtY
~~~~

CIk

2.
• 

L~y. = _C
jk

u~ = 0  . ~? = C . t~y~~= C .ik pivot ik ik i ik

U
~k 

= C
ik 

— 

u.k = 0 = Cik
= _C

ik

We therefore have a characterization of all four possible types

of edges of ,~.i. Since the maximum number of coordinates of ~ which

change when moving along any given edge is four , the constraint figure

4 for multidestination networks is not significantly more complex than

that for single c.estination networks (where the maximum number is two).

One should be able to exploit this fact to achieve a better under-

standing of the nature of the complicatir.g properties of the algorithn
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for general multidestination network problems . For instance, it should

not be d i f f icul t  to establish an upper bound on the number of members

of .~~(Y , t , L ) .  This is equivalent to placing an upper bound on

both the number of extreme points in the leave-the-boundary costate

set and the number of subregions in R with respect to L . However ,

in order to implement the algorithm one must possess explicit know-

ledge of the set of edges of the members of .i(Y , t~ , L )  which

emanate from;. A technique must therefore be devised to identify

those edges of U which correspond to the required edges of 4. 



Chapter 5

CONCLUSION

5.1 Discussion

In this section we attempt to place in perspective the accomplish-

ments of the preceding chapters . In Chapter 1 we express the desire to

develop a d~ imic procedure for message routing in a store-and-forward

data communication network. As an initial step toward achieving this

goal a l inear dynamic state space model is presented in Chapter 2

which represents the flow and storage of messages in such a network .

Although the model is sufficiently general to represent a stochastic

user demand environment , we choose to consider the simplifying case of

deterministic inputs for initial analytical studies. We associate with

the model a linear integral cost functional which is the weighted total

delay experienced by all the messages as they travel through the network

until all reach their respective destinations. The desired minimization

of the cost functional results in a linear optimal control problem with

l inear state and control var iable  inequal i ty  const ra in ts .  We seek a

feedback solution to this problem.

We now digress a moment to discuss the oasic approach . Attempts

to apply optimal control theory to problem areas in which other tech-

niques have proven inadequate have become common practice since the

—284— 
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inception of the field in about 1960. Not coincidentally , this timing

corresponds to the beginning of the era of computers , a tool which is

relied upon by both theorists and practitioners of optimal control.

Over the years optimal control has enjoyed a number of successes , most

notably in the areas of application of Linear-Quadratic—Gaussian (LQG )

control and filtering. However, it has also become apparent that

“optimal” ~n the mathematical sense does not always imply “best ” in

some more general sense, so that optimal control theory has a great

many detractors. See for example Horowitz [1975]. One complaint is

that in minimizing a single objective , optimal solutions of ten ignore

and sometimes aggravate other properties of the system performance.

Also , optimal solutions are often obtained and implemented at great

computational expense. Finally , if the objective curve is relatively

flat near the optimum, then the marginal benefit obtained from the

optimal solution over some more easily obtained sub-optimal solution

may not justif y the additional expense. One must therefore carefully

weight the disadvantages of an application of optimal control with

respect to the advantages. The fundamental advantages for our problem

are described in Sections 1.2 and 1.3. We shall point out some di~ —

advantages in the course of this discussion.

Returning now to the optimal message routing problem , the solution

which we seek calls for all of the message storage in the netwu r~. t o  go

to zero at the final time. It is clear that this requirement does not

correspond to the usual data network mode of operation in which ~~~~~~~~~~ 
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is a continuous input and flow of messages through the network. How-

ever, a particular case for which this requirement would be suitable

is when one desires to relieve network congestion locally in time by

getting rid of current message backlogs stored in the nodes. In this

case, the inputs to the networks would be regulated so that the back-

logs could be emptied with the available link capacity. Values of

constant inputs for which this is possible are given in Theorem 3.3.

Rav ing formulated the optimal control problem , the remainder of

the thesis is devoted to developing a technique for finding the feed-

back solution for the case in which the inputs are constant in time.

Of course , the constan t input assumption further restricts the appli-

cability of this approach to real network problems. Ho~ ever , one can

conceive of situations in which the inputs are regulated at constant

values , such as the backlog emptying procedure descrthed above. From

the optimal control viewpoint, constant inputs appear to provide us

with the minimum amount of structure required to characterize and

construct the feedback solution with reasonable effort.

The backward constructive algorithm is described in principle for

multidestination networks, although it is not currently understood

how this algor ithm may be implemented to obtain the solution for this

general class of problems. However , the complicating aspects of the

alqorithm disappear when we consider problems involving single destina-

tion networks with all unity weightings in the cost functional. Our

ability to completely solve oniy this special class of problems is not

_ _  ~~~~-~-- - - - -----~~~~ -~~~~~
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surprising when we consider that for static maximum flow problems the

general multi-commodity problem remains unsolved. It stands to reason

that a dynamic multi-destination problem must be quite difficulti

Throughout the development we have exploited the total linearity

of the problem (in dynamics, cost and constraints) to obtain many if

our results. In particular, we have frequently employed concepts in

linear programming both in the synthesis of the backward constructive

technique and in the development of the computational algorithm . It

is felt that this approach may prove helpful in other optimal control

problems with a high degree of linearity .

Perhaps the pr imary disadvantage associated with the feedback

solution is the amount of computer storage which will be required to

implement it. The feedback control regions must be specif ied by a set

of linear inequalities which in general may be extremely large, and the

optimal controls within these regions must also be specified. On the

bright side, however, we note that if the particular network for which

we are providing the feedback solution contains one or more large corn-

puters, the required storage may possibly be made available. Another

disadvantage is the amount of computation required in the original con-

struction of the feedback solution. In particular, the program devel-

oped to determine all the extremum solutions to a linear program

(1ppendix A ) requires a substantial amount of computation time and

storage.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



—288—

5.2 Summary of Results and Related Observations

5.2.1 Results

In this section we describe briefly the primary results of the

thesis in the order in which they appear.

In Section 3.2.1 we develop the necessary conditions of opti—

mality associated with the linear optimal control problem with linear

state and control variable inequality constraints. We also prove the

important result that the necessary conditions are also sufficient.

Note that these results are valid for general deterministic inputs.

Starting in Section 3.2.2 we assume that all the inputs to the

network are constant in time. In the same section we state and prove

a necessary and sufficient condition for the control lability of any

initial state to zero. Utilizing the necessary conditions of optimal-

ity, we prove in Section 3.2.3 that the feedback regions of interest are

convex polyhedral cones in the state space.

Section 3.3 is devoted to a general description of the algorithm

for the backward construction of the feedback space. The steps of the

algorithm are detailed in Section 3.3.2.2. In Section 3.3.3.1 we show

how parametric linear programming may be employed to efficiently solve

the pointwise linear program in time . The geometrical interpretation

i~ introduced in Section 3.3.3.2 and shown to be useful in analyzing

several of the difficul t problems associated with the algorithm . The

cons t ruc t ion  of feedback control regions is detailed in Sections

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~
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3.3.3.3 and 3.3.3.4 respectively.

We show by example in Section 3.3.4.1 that for this problem there

may be non-unique costates corresponding to state variables on interior

arcs.

Chapter 4 is devoted to problems involving single destination

networks with all unity weightings in the cost functional . In Section

4.3 we confront those properties which complicate the general algorithm

and show that they present no problem for the class of problems under

discussion. All proofs utilize the geornetrital interpretation intro-

duced in Section 3.3.3.2. In particular, we show that all costates

corresponding to state variables on the boundary are unique. We also

prove that the control does not break between boundary junction times.

In Section 4.4 we present a complete computer implementable algorithm

for the construction of the feedback solution for this special case.

5.2.2 Related Observations

Although the approach which we have taken may be limited in prac-

tical applicability , the results which we have obtained can provi~1e

valuable insight into the dynamic message routing problem. In this

section we discuss several issues from this point of view .

We begin with a discussion of the state information required to

implement the optimal control. As pointed out in Section 2.5, by spe-

cifying a feedback control function of the type u(t) = u(t, x(t)) we

are assuming that total information regarding the storage state x (t)

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ —- ______



is available at each node of the network for control decisions at that

node. Such a scheme requires a centralized method of observing and

communicating the state of the system at every point in time. However ,

in practice one may wish to consider control strategies which do not

require total knowledge of the state at every time. For instance, it

may be desirable to have a decentralized strategy that makes control

decisions ba~~d on local state information only .

Such considerations lead us to examine the nature of the state

information requirements associated with the solution we have obtained

in the specific case of constant inputs . We have found that the struc-

ture of the solution is such that regions in the state space of common

optimal control are convex polyhedral cones . This situation is depicted

conceptually for a two dimensional example in Figure 5.1.

0,,
-~~

/
-~t /

I . 1 :,  ~ a~ [‘urn  if r~.~thoe~-~ ~~ i Ut Lon
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We see from Figure 5.1 that the optimal control is always a func-

tion of both x1 and x2. A completely decentralized scheme is therefore

not possible. However, due to the nature of the optimal control re-

gions, we do not require exact values of x1 and x2 but only their

x2
relative values. For example, we need only know that — > c~ andxl — 4.

x1 > 0 to conclude that u~ is the appropriate optimal contrc.1. This

relationship may hold true for relatively long periods of time, so

that periodic rather than continuous updating of the rati6 — should

prove to be rather good. In fact , based upon the current state and

optimal control it is easy to predict (due to linearity) the time at

which the state will move from the current feedback control region

into an adjacent feedback control region in the absence of outside dis-

turbances or variations in the system parameters. Therefore, one may

wish to update the state information (and the optimal control, if

called for) at these predicted switch times. Although this stheme would

not cut down on the amount of state information required, it drasti-

cally reduces the frequency with which it must be supplied.

For the purpose of our next discussion we refer to the network

problem of Example 3.1. From Figure 3.9 we see that if the state lies

in the region between the lines x2 — 3x 1 = 0 and x
1
—3x2 

= 0 (not inclu-

ding these lines) then any admissible values of the control variables

u
12 

and u
21 

are optimal . Therefore , looping of messages between

nodes 1 and 2 of Figure 3.7 may be optimal . However , such loop ing is

not desirable in data communication networks for obvious reasons. Thi s

_
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problem is an example of peripheral cons iderations which may be ignored

by optimal solutions with limited objectives. In order to alleviate

this situation, one must modify the problem statement appropriately.

For this case, optimal solutions may tend to avoid looping if we incor-

porate a term linear in the control , say ~~~ into the cost functional.

The idea here is to discriminate against frivolous use of the links.

Fortunately, ..his modification does not complicate the solution tech-

nique presented in this thesis since the only change from before is

that the pointwise minimization is now

= AR~ MIN ((A(T)B + ~)
T

J
ucU

5.3 Contributions

In this thesis we expand the areas of application of optimal con-

trol theory to include the important class of problems involving message

routing in data communication networks. As in many previous applica-

tions , we find that this approach may provide sigr.i.ficant advantages

over previous techniques used to attack the problem at hand. In this

case, we obtain the dynamic and closed-loop properties lacking in the

queueing theory approach. The concept of applying optimal control

theory to the dynamic routing problem was pioneered by S~gall [1976]

and this is the first work to provide a detailed solution to the optimal

control problem. It is hoped that the success of this effort will

stimulate further investigation into this approach so that its ful l

II

~ 
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potential may be realized and understood with respect to other tech-

niques.

From the control theory point of view, it is commonly known that

optimal feedback solutions are in general very difficult to determine.

This is particularly true for problems involving state variable inequal—

ity constra ints, where one can at best hope to find such solutions only

for speci:l problems. We have found a complete feedback solution to

a meaningful linear optimal control problem with linear state and con-

trol variable constraints and consider this achievement to be a signi—

ficant contribution to the theory of deterministic optimal control , Of

particular interest is our novel combination of necessary conditions ,

dynamic programming and linear programming. In addition, we have

developed a theory based on geometrical concepts in linear programming

for the analysis of linear optimal control problems with linear con-

straints.

5.4 Suggestions for Further Work

We view this work as an initial investigation into the feasibility

of applying optimal control theory to problems of dynamic routing in

data communicati3n networks. As such, we realize that many more qUes-

tions remain unaflswered than have been satisfactorily resolved.

The primary challenge is to gain an understanding of the method by

which the backward constructive algorithm for general network problems

may be implemented on the computer. From our arguments in Chapter 4 it
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is clear that the geometrical interpretation is a powerful tool in

understanding the various properties associated with the algorithm.

Although we know that the special properties of Chapter 4 do not hold

in general , we feel that the geometrical interpretation may be used to

identify such properties as do hold. This possibility is discussed in

~
‘action 4.5. Hopefully these properties may be adapted to a computer

implementable algorithm.

An important area for significant advance is in the development of

an efficient algorithm which computes all of the extreme point solutions

to a linear program. As mentioned in Section 3.3.3.1 this is a classi-

cal problem in linear programming and to the author ’s knowledge there

is no algorithm available which is efficient enough for our purposes.

Perhaps a good place to start is by attempting to exploit the special

structure of single destination networks to construct an efficient

algorithm for that case. At any rate, the desirability of the backward

constructive technique will be greatly enhanced upon finding a satis-

factory solution to this problem.

Finally, of course , there remains to extend the feedback solution

first to general deterministic inputs and ultimately to the most real-

istic case of stochastic inputs. It is clear that both of these prob-

lems are extremely difficult due to the state variable inequality con-

straints. Segall [1976) presents a sufficient condition of optimality

in the stochastic case when the inputs are modelled as mutually inde-

pendent jump processes with positive jumps only. However , the condition
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is expressed in terms of the partial differential equation of the opti-

mal cost to go and solution by numerical integration is out of the

question due to excessively high dimensionality . Therefore, alternate

solutions must be investigated.

_ _  -—~~~



.— - .

Appendix A

FINDING ALL EXTREME POINT SOLUTIONS

TO THE ~DN STRAINED OPTI MIZATION P1~DBLEM

Operation 1, part (a), of the backward constructive algorithm

calls for f ind ing all of the extreme point solutions to the constrained

optimization problem. At a fixed instant of time this problem is the

linear program (the time variable has been dropped) ;

mm z (A.l)

where

z = ~~~ X~b~u (A.2)

1~ p-i
subject to

D u < C  (A.3)

U ’ b~u —a~ ~ x~ ~ 8 (A.4)
—1— i i p—l

(A.5)

where is the row of B corresponding to x~ . Suppose we have utilized

a standard linear program routine employing the simplex algorithm to

fins a single extreme point solution to (A.l)-(A.5) . Call this solu-

tion u~ . Then if we denote z* = X?b?u*, the hyperplane
— x~tI

1 p-i
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= 

~~~~~ 

x (A.6)

i p-1

is tangent to the convex polyhedron U’ at u~ and every point contained

in the face of tangency is a solution to (A.l)—(A.5) . Consequently, in

order to find all extreme point solutions to (A.l)—(A .5) we must find

all vertices of the convex polyhedron :

U,

U’ . (A.7)

1 1

1 p-i

Rubin [1975] demonstrates that the problem of finding all the ver-

tices of ark rn-dimensional convex polyhedron can easily be formu lated

as the problem of finding all the edges of an m+l—dimensional convex

polyhedral cone. Furthermore , Chernikova [1964], [1965] has presented

algorithms for finding all the edges of a convex polyhedral cone repre-

sented by a set of homogeneous linear equations and inequalities.

Bloom [1976] has programmed Chernikova ’s algorithm as a FOI~~RAN sub-

routine and reports on computational experience gained using it. He

finds that for problems of reasonably large size the amount of computa-

tion and memory required to execute the algorithm is excessive. At the

root of the problem is the extreme numerical sensitivity of the

algorithm to the value of z~’. If z~ is slightly too large , then the

hyperplane (A.6) does not intersect U’ , and hence LI” is empty . If z~

is slightly too small , the hyperplane (A.6) intersects L I ’  below the
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desired face of tangency and therefore many extraneous extreme points

may be generated. For these reasons Chernikov&s algorithm appears

unsuitable for our application.

I
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Appendix B

EXAMPLE OF NON-BR EAK AND BREAK FEEDBACK CONT ROL REGIONS

We present here a simple example to illustrate the two types of

feedback control regions. The network is shown in Figure B—i and the

cost functional is taken to be

= (x
12

(t)  + x
32

(t) + x23(t))dt. (8.1)

The i—constraint figure for this network is presented in Figure

8-2. We shall be interested in the operating points (1) - , and

the coordinates are indicated in the order y
12

, y32 and y
23
. The

controls corresponding to these points are listed in Figure B-3. The

particular backward optimal trajectory which is depicted in Figure B-4

has x12 leaving boundary first backward in time, x32 leaving next back-

ward in time and f inally x32 leaves the boundary. The regions corres-

ponding to controls (1),® and (i) are non-break feedFack control
regions. The region corresponding to control (Th (below the breakwall

x12 
— 3x 32 

— x23 = 0) is a break feedback control region.
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